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ABSTRACT

In this paper, we put forth another approach to the dominant
structure analysis, which we call parameter elasticity
method. This method is based on the law of differentiability
of solution with respect to parameter. It concerns itself
with the  dominant structure that contributes most to a
particular behavior or behavior change. By applying this
law, we develop the new method and new guantitative indexes
to determine the dominant structure of a system.

This new method has some advantages. One is that it can be
applied directly to nonlinear systems without linearization.
Another is that it can be accomplished within DYNAMO. In
same ‘condition, it may be a good guide to model
simplification.

INTRODUCTION

The dominant structure of a system dynamices model is usually
understoed as the key structure, that is responsible for a
sparticular behavior of the model.

There are three existing approaches available to determine
the dominant structure of dynamic systems. One is known as
the experimental approach, which depends on repetitive
simulations, and thus is quite time-consuming for comples
systems. Another is the frequency response approach, which
is applicable to linear systems. Up to now, there is no
paper being seen. that tries to apply this mehtod to
nonlinear systems in the system dynamics community. The
third one is the eigenvalue approach, which i also
applicable to linear systems. Though it may also be applied
indirectly to nonlinear systems by linearizing different
operation points of the systems, however , because the
operation point of nonlinear systems may change with time,
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this approach, therefors, requires a lot of effort and may

sS@em not easy to handle for  some system dynamics
practitioners. Here in this paper, we put forth another
method to analyze dominant structure. By applying the law

of differentiability of solution with respect to parameter,
the new method involves parameter sensitivity analysis of
model behavior. The method can be accomplished with DYNAMO,
Therefore it is easy to handle. And it also has some other
useful application.

DIFFERENTIABILITY OF SOLUTION WITH RESPECT TO PARAMETER

Our method is based on the law of differentiability of
solution with respect to parameter. Let us first introduce
the law concisely in the following. :

For an initial value problem

s teE (h ) ' : (1)
)((tc),}.l)':}(xp . (2

where t£R, HER™, p={p,,...,007ER™, and =’ is the first
derivative of x with respect to t, if function ) i
continuous in the closed region G,, and &f,/0xy and 0f, /00,
are also continuous in 6., then there is continuous partial
derivative of solution x=g{t,um) with respect’ to P
(k=1,.004ym) and the partial derivative o@i{tip) /op,.
(h=1,...,m) satisfies the linear differential equation

S S N C S RIDERTDF-L - SRS I - R4 ST ET)’ 2 (3

and its initial condition

2 {toip)=0 ' {4)
where

Foo (g ) =Laf, (b, p) /0% m.n (=)

Fron (b, ) =(0F (L, 03 ) /O gwew s OF (E ) FOpL) ™ (&)

Bu={{t )| |ttt y=¢a, |[x=sall=<b, || p-del||=<c? (7)

and z'is also a vector, z' is the first derivative of z with
respect to t, f. is a zqguare matris.
A system dynamics model can usually be reduced to the form

represented by equations (1) and (2). x' is the rate
variable vector, # is the level variable vector, and p is
the parameter vector. These parameters determine the

structure of the system. When a parameter changes, its
effect on level variables can be calculated with equations
(X)) and (4).

Because
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w=E(t ) . (8
therefore,
o /hpe=0@(ty ) Sape=e (b ) ()

By integration, we can get z value froh equations (X)) and
{4),

DEFINITION AND INDEX OF THE DOMINANT LOOP

The dominant loops are those that contribute most to a
specific system behavior and have the strongest influence on
system behavior when something in them changes. We may also
say that the dominant loops are those that contribute most
to a specific behavior change when something in the system
changes. In the following, we use the parameter elasticity
and design an index which is consistent with this definition
and both can be used in dominant loop analysis.

In order to analyze the dominant loops with the above law,
we define the elasticity of solution with respect to
parameter as the following

E =00 /0P /M gu e w g O A O M/ 3 ) (10)
or  ELe=EXLl myeee EXnw)

This -elasticity vector measuwres the percentage change in
solution as a result of percentage change in a parameter.
The  solutiorn is & function of time, and so does the
elasticity. Therefare, at a specific point of time, the
value of the elasticity measures the percentage change in
selution » value at  that point of time caused by the
percentage change of a parameter.

It is ouw basic idea to analyze the dominant structuwre with
the assistance of the elasticities of parameters. If the
elasticity of & parameter is equal to zero, then the
parameter must has no contribution both to the existing
behavior and to any behavior change in system. On the other
harnd, if the elasticity of a parameter i large in absolute
value, it means that the parameter change has strong
influence on the existing system behavior and because of
this characteristics we infer that the parameter also takes
an important position in the solution that determines the
existing behavior,. The loops are the candidate dominant
loops in which some of their parameters elasticities are the
greatest in all system parameters. Identifying those
parameters that have largest elasticities in absolute value
then becomes the first step to analyze the dominant
structure.
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Because the elasticities change with time, 1if we want to
compare dJdifferent parameter elasticities, we have to take
into consideration their hehaviors in the entire period of
time we are interested. One way to do =0 is to to divide the
whole time interval into n equal short intervals and observe
their values at the n points of time. If we add the absolute
values of a parameter elasticity at the n points of time and
divide the sum by n, we get the average absolute elasticity.
We will use this value as an index to identify the important
parameters., We use AE,. to dencte the average absolute
elasticity of parameter p..

AE, = (AEXT Lpge v o s BEXP 1) (11)
AEXI=CE00, g Zop pa /@, Gig ) D /0

AEXN=(Z |08 _ (11 1) /o pus/Ba (isp) |) /0 1
4 B

Another more accuwrate way to compare different parameter
elasticities is to depict the elasticities on a figure and
compare thelr absolute values.

PARAMETER ELASTICITY AND LOOF POLARITY

Through examining and analyzing some nonlinear systems with
the parameter elasticities, we get the following important
and useful rules.

Rule 1.

If a parameter elasticity is the largest of all the
parameters in a system, thern the dominant loop must go
through that parameter.

Rule 2.

If the sum of all parameters’ elasticities of a certain
level wvariable is larger than zera, then the level must
increase. If the sum is less than zero, then the level must
decrease.

Rule 3.

If the above sum is equal to zero, then ‘the level must
reach its extreme point.

Rule 4.
If a parameter is a multiplier and its elasticity of a
level wvariable is positive, then its effect on the level

variable is positive and the loop that connects the
parameter and the level is positive. If the elasticity is
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negative , then its effect is negative and the loop is also
negative. ’

Rule 5.

I & parameter is divider and its elasticity of a level
variakle is positive, then its effect on the level is
negative and the loop that connects the parameter and the
level is negative. If its elasticity is negative, then its
effect is positive and the loop is also positive.

Rule 6. : : .

If in a positive loop, a multiplying parameter elasticity
is negative, then there must be another negative loop which
shares the same level with that positive loop. And this
negative loop must produce a stronger negative effect on the
level, whern and because the multiplying parameter exerts a
positive force on the same level, therefore, as a result of
the two, causes decrease in the level variable. ‘
Rule 7.

If in a negative loop,. & multiplying parameter elasticity
is positive, then there must be another negative loop which
shares the same level with the former negative loop. And
this negative loop must produce a stronger reversing effect
on  the level, when and because the multiplying parameter
emerts a negative force on the same level, therefore, as a
result of the two, causes increase in the level variable.
Rule 8. '

Suppose there are two negative loops, loop 1 and loop 2, do
not  share a same level variable, and loop 1 has its own
level 1 and parameter 1 (abbreviated as L1 and F1), loop 2
has its own level 2 and parameter 2 (L2 and F2), if P2
elasticity of Ll is positive, then F2 has an indirect
positive effect on L1  and these two loops are in a larger
loop and are connected by positive links.

Rule 9.

Suppose there are two loops which do not share a same level
variable, one loop is positive and has L1 and F1, another is
negative and has L2 and P2, if F2 elasticity of L1 is
pasitive, then F2 has an indirect negative effect on L1 and
these  two loops are in a larger loop and are connected by
positive links.

These rules are very useful in analyzing system behavior
and loop importance.

AFPLICATION IN LOOP ANALYSIS

We apply this method to analyze the national industrial
structure model of China. We first gsimplified the industrial
model inteo two sector model, the capital and consumption
goods production sectors. The model has four level, i.e.,
capital stocks in capital and goods production sectors,
capital stock under construction in capital and goods
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production sectors, and has eleven parameters and more than
thirty loops.

The general structure of the model is  shown in  the
following figure.

e tindustrial | ——>Hloutput & —————rtaccumal ation
shructureg | e income e & dinvestment | e

b nvestment | o consumption output demand ] ¥ ——
structure ‘ struacture i letructure L s

Because the dominant loops have these parameters which have
the largest elasticities in absolute value, therefore,we
first iddentify a few parameters which  have larger average
absolute elasticities of the four levels and  then depicgt
these parameters elasticities of each level. Then list these
parameters in the following. '

LEVEL NAME DOMINANT FARAMETER NAME

capital in capital COIM: papital output/Zinput ratico in
goods industry capital goods industry

capital in consumption COIH

goods industry

capital under COIH
consticruction in capital
goods industry

capital under COIH ]
construction in ALK : average life of capital
consumption goods '

industry

By analyzing all these parameters’ elasticities, we find
that they have positive effect on the four levels and keep
they increasing continuously, The parameter COIH is the
mest important. It exerts a dominant positive force both on
the capital in capital goods industry and that in the
consumption goods industry through increasing the production
in capital goods, thus decreasing the delivery delay of
capital goods and Finally increasing the twe capital
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stocks. Az a divider, it exerts & dominant positive force
on  capital under construction in capital goods industry
through increasing desired capital in capital goods
industry, then its desired correction of capital from
production capacity, its desired total capital order, then
increasing the accumulation rate,  the total capital order,
then increazing the .capital under construction in capital
goads industry, its capital stock, production capacity,
total putput, and then increasing fuwrther demand and desired
demand of its production and then its desired capital. This
parameter exerts a dominant positive force on the capital
under  construction in  consumption goods industry in a

aimilar WaY however , in  about the tenth vyvear of
simulation, parameter ALK repleces its dominance. As &
divider, it exerts positive Fforce on the capital under
constructian  through increasing the capital stocks in both
sectors, the total output, the demand and the desired
production  in  both sectors, then desired corrections of
capitale, ~ teotal desired capital order, accumulation, then
capital order in consumption goods  industry, and its
capital stock again. :

Through  examining the simualation result, we find that the

accumtlation rate and accumulation keep increasing. The
desired  correction of capital in  capital goods sector from
ite production capacity also keeps increasing and makes an
about eighty percent contribution to the increase of
accumul ation. These results are consistent with ow dominant
Cloop analysis result.

APPLICATION IN BEHAVIOR AND POLICY EFFECT ANALYSIS

By applying the above rules, we  can  pessibly  do the
following analysis.

The Ffirst. Ry applying rules 1, 2 and 3, we can evaluate
pach parameter importance and its related loops importance,
determine their polarities, analyze individual contribution
of each parameter and its related loops to a specific
behavior, and explain the behavior. ’ )

The second. When candidate dominant loops are identified
according to  their related parameters’ elasticities, we
can possibly identify the dominant leoops and shift in
dominant  leoops by depicting and analyzing these parameters’
elasticities.

The third. Ry depicting and analyzing parameters’
elasticities, and with the assistance of rules &, 7, 8, and
9, we can  analyze the relation and interaction among

different loops and get some insights into the system
behavior.,

The fourth. Because a system behavior at a specific point of
time is determined by its parameters, weg can use parameter
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elasticities to estimate the effect of small changes in
policy parameters and its contribution of each policy
parameter by applying the following formula.

=L O/ Bp s v ' (13
EX
Where x is the level variable, and f, (i=1,...,n} i=s the

policy parameber,

APPLICATION IN POLICY SELECTION

We can  select  such  two policy parameters and their
percentage change relation that their effect on one level
variable is minimized and on the other one is maximized by
applying the above differential formula. Buppose we have two
level variable », and ®=, and two policy parameters. IF the
percentage change of two parameters are proportional , i.e.,

A/ pa=c- {dp /P Y=a- {dp/ ) ;f14)
and the other parameters percentage changes are zero, then

the two parameters compound elasticities of the two - levels
can be expressed as '

(dxlixl)/(dpfp)=(&x1/6pl)(pl/xl)+q“(dxlfépm)(p:fxl) (13)
(/o) Adp /Y= (aNe /00, ) (i ZHe) o (e / Ope) (Pa/Ha) (16D

let E,.=(a0,/0p2) (pa/sa) : (17)
E1$=(6N1f&pg)(p2/xl) (18)
Ema={dnaltp,) {py /8 . 19
Enw={80n/0Pa) {(paiia) _ o (20)

I¥f we want to evaluate the effect of the parameters change,
we can  evenly divide the simulation time into n short
intervals and sum up the sgquared or absolute values of the
compound elasticities at the n points of time.

Let J=E(E,,+¢E ;) ®—F (Exmg +3Emm) = (21
=3 o
a=E(E12)E—E(Ezz)E (22)
© o
b=LE1:E12~LEm:E=z (2
o o
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C=E{E, ) ®—E(Ega) ™ (24)

then we have
J=ae +2Zha+c (25)

Function J reaches extreme point when o=-b/a. When a>0, it
is  a minimum point. Such parameter change produces minimum
effect on ¥, and maximum effect on Hp. When ado, it is a
maximum point, and the effects are just opposite.

APPLICATION IN MODEL SIMPLIFICATION

I & parameter elasticity of a level variahle is equal to
zero, then the parameter has no influence on the level. This
does not mean that the parameter and the link it represents

can be eliminated from the model. Recause change in
parameter value may also change its elasticity. However, 1f
& parameter elasticity is always equal to zero or

approdimately eqgual to zero and much less than the other
‘parameters’ elasticities in average absolute value when
its wvalue changes, then the link represented by it can
be eliminated.

- CONCLUSION

Ry applying the law of differentiability of solution with
respect to parameter, we can get the parameter elasticity

through integration. Thuse we can calculate and depict
parameter wlasticities within DYNAMO. In order to guarantee
the . accuracy of calcuwlation, Professional DYNAMO is

preferred. :

We have identified the relations among parameter elasticity
value, its influence on levels, and its loop polarity. The 9
rules about these relations are useful in analyzing system
bhehavior and identifying dominant loops.

Application and some possible appliceation are discussed.
We hold that more effort to apply the method will help to
test it and possibly make further improvement to it.
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