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Abstract

Delay function is one of the most important functions in dynamo Language in system dynamics.

This article discusses intersection characteristics of output curves in the case of delayi (i=1,2,3,......),
and proves that in step-input, output curves in the case of delayi (i=1,2,3,......) doesn't intersect at the
common inflection point and that when DEL1=DEL2/2=DEL3/3, the output curves in the case of

delayi (i=1,2,3) doesn't intersect with cach other except common initial point.

Above-mentioned result is very important in the application of delay function.
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A Study of Output Curve Intersection in the Case of Delayi (i=1,2,3,......)
1. Introduction

Delay function is one of the most important functions in dynamo Language in system dynamics. The
article discusses output curve intersection in the case of delay i(i=1,2,3,......).

Output curve depends on its corresponding input curve. From the first monograph on system
dynamics written by the originator of system dynamics Jay W. Forrester, aimost all treatises with

comprehensive contents have discussed the output questions in the case of delay i(i=1,2,3,......) when
its input is :

IN®) = {5,051 M
Moreover, all kinds of their results are similar on the whole. Among them, the typical example is
shown in Figure 1. which is given in the book "Introduction to System Dynamics Modeling with
DYNAMO" (in chapter 3, item 5) written by George P. Richardson and Alexander L. Pugh III. Ever
since, this figure has been quoted by many books and articles to explain output contrast in the case of
delayi (i=1,2,3,......). But no article has given the intersection condition and properties of intersection
point of output curve in the case of delayi (i=1,2,3,......) when its input is (1). Therefore, some people
think when input is (1), its output curves must be intersected besides the intersected simulation initial
point, some people even think they must be intersected at the common inflection point. Actually, this
is not correct. We can give the following two theorem.
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Fig. 1 First, second, third, sixth and twelfth-order delay response to step

2. Intersection Characteristics of Qutput Curves

Theorem 1. When input is (1), the output curves in the case of delayi (i=1,2,3,......) have no
common inflection point.

Proof. Suppose the delavi (i=1,2,3) are DELAYi(IN.JK,DELi)(i=1,2,3), among them IN is
(1). We can get the following proof:

(a) Output curve of DELAY I(IN.JK,DEL1)

We known subprogram

System Dynamics : Methodological and Technical Issues, page 207



1994 INTERNATIONAL SYSTEM DYNAMICS CONFERENCE

DELAY1

L11.K=L11.J+DT*(IN.JK-R11.JK)

L11=IN*DELI o))
IN.KL=STEP(a,1)

R11.KL=L11.K/DEL]

ARz x

which a>0 and simulation initial time is zero (following is the same). Find analytic
formula of level and rate of subprogram (2).

Casel 0<r<l1

Since
IN=0
We get
L11=0,R11=0
Case?2 t>1
Since
IN=a>0
We get
denl o Ll .
“ar - 97 DEL €)

Hence we find

L11 = aDELI(1 - ePair)

. 1-t
R11=a(l - epir) “
From
R/ = el >0
i~
R*11 = ——f—ebaii <0

We have seen that R11 is single increase convex function, with no inflection point.
(b) Output curve of DELAY2(IN.JK,DEL2)
We known subprogram

DELAY?2

L21.K=L21.J+DT*(IN.JK-R21.JK)

L21=IN*(DEL2/2)

IN.KL=STEP(a,1)

R21.KL=L21.K/(DEL2/2) )
122 K=L22.J+DT*(R21.JK-R22.JK)

L22=L21

R22.KL=L22.K/(DEL2/2)

RZCRRZUC >

Find analytic formula of level and rate of subprogram (5).

Casel 0<t<«l
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Since
IN=0
We get
L21=0,L22=0,R21=0,R22=0

Case2 t>1
Since
IN=a>0
We can get
dr2l _ 12}
Tar (DEL272) ()

121 = a(DEL2/2)(1 - ez7)

1-t

R21 = a(l — epe2n) %)

From
1-t

g%g DZZ/Z = a(l - epsn)
We find

L22 =aDFEL2/2[1 - (1 - DEL2/2 —— ?ELM)e LZ/‘Z] 8)

R22=afl -(1- DEL2/2 + DELz/zeDEm] ®
From

RI22 = DEL7) eDELm(t_ 1)>0 (10)

2
R”22 — D£L2)3 eDELZ/Z (l 4 EE DELZ t) (l 1)

We have seen that

for]1 <t<1+DEL2/2 fromR"22>0, R22 is concave upwards
for t>1+DEL2/2 from R"22<0, R22 is convex upwards

for t=1+DEL2/2 R"22=0 and R22=a(1 — %)
Therefore the inflection point of R22 is (1+ == DEL2 ,a(l — e))

Output curve of DELAY3(IN.JK,DEL3)
- We known subprogram

DELAY3

L31.K=L31.J+DT*(IN.JK-R31.JK)

L31=IN*DIL3/3

IN.KL=STEP(a,1)

R31.KL=L31.K/(DEL3/3)

L32.K=L32.J+DT*(R31.JK-R32.JK) 12)
L32=L31

R32.KL=L32.K/(DEL3/3)

L33.K=L33.J+DT*(R32.JK-R33.JK)

CRZC IR ZC *
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N L33=L32
R R33.KL=L33.K/(DEL3/3)

Now, let's find the analytic formula of level and rate of subprogram (12).

Casel 0<t<l1

Since
IN=0

We get
L3i=0 (i=1,2,3)
R3i=0 (i=1,2,3)

Case2 t>1
Since
[N=a>0
We have the following result:

From
L3l _ ,_ _L31
dt .~ DEL33
We can get

L31 = aDEL3/3(1 - e5=%)
i=t
R31 = a(l - eDELm)

From
% Dézi/s =a(l —eﬁ)
We can get
L32=aDEL3/3[1 - (1 - DEL3/3 DEL3/3)eDEL DL |
R32=a[l-(1- DEL3/3 + DEL3/3)eDELm]
From
ks 032/3 =a[l-(1- 0523/3 + 5man)e Mm]
We find
L33 = aDEL3/3[1 - (1 — 5= 2@23/3)2 + e — (DEL'3/3)2
-
+2(DEL23/3)2 DEL;G]
R33=d[1-(1- DEL3/3 l =+ DEB ~ oman
3 2DEL3) (DEL3/3)
+ 2(DEL3/3)? Je oL ]
From
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/ _ _ A2

R'33 = __2(DEL3/3)3eDmB(1 t) >0 (18)
»waa _ ~(1+2DEL3/3)

R"33= 2(DEL3/3)3( )eD oy LTI DEL3/3

We have seen that
forl<t<1+ Z—D% from R"33>0, R33 is concave upwards

fort>1+ Z-Qfﬁ from R"33>0, R_33 is convex upwards
for ¢ = 1+ 2222 R"33=0 and R33=a(1 - )
e

Therefore the inflection point of R33 is (1+ 2DEL3/3,a(1 — %)).
e

To sum up, when t>1, the corresponding formulas of output curves in the case of
delayi(in.jk,deli)(i=1,2,3) are:

R11 is single function with no inflection point; the ordinate of inflection point of R22, R33
have nothing to do with delay time, and the difference of ordinates is
a(1-2/e)-a(1-5/e* y=(5-2¢)/e*

So analytic output curves in the case of delayi(i=1,2,3,......) have.no common inflection point.

If we simulate above-mentioned subprograms in the case of delayi(i=1,2,3,......) in computer,
every result is similar with above-mentioned corresponding analytic curve. But when
simulation step is infinitely small, its accuracy can be small enough. So the conclusion of
computer simulation result is identical with the above-mentioned analytic proof.

This theorem proves that output curves in the case of delayi(i=1,2,3,......) can't be intersected
at the common inflection point when its input is (1).

Q.E.D.

Theorem 2. Output curves in the case of delayi(i=1,2,3) don't be intersected again except
common initial point (1,0) when its input is (1), and DELI=DEL2/2=DEL3/3.

Proof. Let R11=R22

1
@ DEL22 ]

a(l —65‘?;—') =afl —(1-

DEL2/2 DEL2/2

There is only one solution t=1

Let R22=R33

afl1-(1~ 1)r1 pELzn T DEL2/2
2 P L=
+ ! - ! + )e DEL3S |
2ADEL3I3)?  (DEL313)?  2(DEL3/3)?

{
)e DELZ/Z] a[ll-(1- DEL3/3 + e

There is only duplicate solution tj 2=1

Q.E.D.
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Example 1. Suppose corresponding programs in the case of delayi(i=1,2,3) as follows
respectively:

R11.KL=DELAYI(IN.JK,DELI)
DELI=2
IN.KL=STEP(5,1)

Q
ﬁ
tr

L21.X=L21.J+DT*(IN.JK-R21.JK)
L21=IN*(DEL2/2)
R21.KL=L21.K/(DEL2/2)

122 K=L22.J+DT*(R21.JK-R22.JK)
L22=121

R22.KL=L22 K/(DEL2/2)

DEL2=4

R33.KL=DELAY3(IN.JK,DEL3)
DEL3=6

OrRZORZCOIzZCZR AR *

SPEC DT=.125/LENGTH=12/PLTPER=.125
PLOT IN,R11,R22,R33
OPT PR
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Fig. 2. Contrast of output in the case of delayi(1,2,3)
Solution. The output curves are shown by Figure 2. after the simulation.

Correctness of above-mentioned theorem is further proved by example 1.

System Dynamics : Methodological and Technical Issues, page 212



1994 INTERNATIONAL SYSTEM DYNAMICS CONFERENCE

References

George P. Richardson and Alexander L. Pugh III, Introduction to System Dynamics Modelling with
DYNAMO, 1981.

Jay W. Forrester, Principles of Systems, The MIT Press, 1968.

Jay W. Forrester, Industrial Dynamics, Cambridge, Mass., The MIT Press, 1961.

Jia Ren'an, A Course in System Dynamics, The Jiangxi People's Press, 1992.

Wang Qifan, System Dynamics, Qing hua University Press, 1985.

System Dynamics : Methodological and Technical Issues, page 213





