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ABSTRACT

The paper studies with the help of a model the enployment deci-
sions of a firm through a business cycle which maximizes 1its
discounted income and assumes that the forecasts are perfectly
corred.

The firm produces a output function of number of workers emplo-
yed by the firm at time t. The firm's labor force increases over
time as a result of layoffs and quits. The firm can recalls
workers at time t only if it has an inventory of previonsly
laid off workers. The firm's output 1s supposed superior or
equal to demand ( function of price and time ) at any time. The
solution to the maximization problem will then yield an optimal
output and employment plan which the firm proceeds to implement
until its expectations about demand at time t.

1. INTRODUCTION

Recent papers have examined the decisions of layoffs and hires
of the firm when the expectatives on the demand are cyclical.
For example, Nickell (1978), Leban and Lesourne (1980, 1983),
these papers assume that all layoffs are permanent.

A paper by Barron, Loewenstein and Black, considers workexs
enployed by the firm that can be lays off today, are available
for employment in the future. This paper show that layoffs can
be optimal when the potencial to recall 1is introduced, this
result 1is established in a model in which the firm can vary
their labor input, not only by changing the number of workers
that are employed,but also by changing the number of hours that
employees work. )

In this paper, we examine the policies of layoff, recall and
hire of the firm when the demand expectatives are cyclical.We
assume in the same way Barron, Loewenstein and Black did, that
there is an inventory of previous laid off workers and as dis-
tinquished from what they did, we assume that the number of
hours worked by each employee, can not be modifiered.

The paper is structured as follows. In section 2 we are presen-
ting the model. The output, is assumed to be a function only
of the number of workers employed by the firm and superior or
equal to demand. Section 3 analyce the validity of the different
policies abaut the output price, hires, laidoffs and recalls,
through a bussines cycle. In section 4, we determine the firm's
strategy if at the initial moment the firm is hiring, differing
if at +the initial moment the inventory of previous laid off
workers is positive or null. Section 5 contains some concluding
remarks. .
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2. THE MODEL
Consider a firm that produces an output y(t), give 'y
: y(t) = £(N(t)) (2

where N(t) denote the number of workers employed by the firm at
time t. The function f(.) is assumed to be a concave given by

FIN(E)) = [N(£)]® , 0 <a <1 (2)

For simplicity, we allow the firm to vary neither its capital
stock nor its rate of capital utilization.

The firm's labor force increases over time as a result of ' new
hires and recalls and it decreases as a result of layoffs and
quits. Letting A(t) denote the number of workers hired at time
t, L{t) the number of workers laid off at time t, R(t) the number
of previous laid off workers recalled at time t, and g the rate
at which employed workers quit, the rate of change in the firm's
labor force at time t is given by

N(t) = A(£) + R(t) - L(£) - qN(t) (3)

The firm can recall workers at time t only if it has an inventory
of previous laid off workers. Denote this inventory of laid off
individuals by S(t). The rate of change in this stock is given

by .
S(t) = L(t) - R(t) - es(t) (4)

where ¢ is the rate at which 1laid off workers find employment
else where. }

Let, a, the cost to the firm of hiring and training new workers
at time t, let 1 and r the costs to the firm of laying off and
recalling workers at time t, respectively and finally, let w the
wage rate. To simplify the analysis a, 1, r, w, will be assumed
positive and constant through. time.

We assume that the demand level at time t, x[p(t),t], where p(t)
denote the price that the firm receives for its output at time
t, is inferior or equal to output at any time

x[p(t),t] § y(t) (5)

Moreover, the demand 1is assumed perfectly known by the firm
throughout the horizon.

The firm is assumed to maximize net present value, i.e., is ma

ximizes

/ [p(t)x(p,t) - aA - rR - 1L - wN] e °% at
“o

subject to the constraint (3), (4), (5) and non-negativity cons

traints on the control and state variables, where p is the rate

disconunt.

The Hamiltonian function in our problem is
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) = p(t).x[p{=),t] - a.A(t) - r.R(t) -

H(p,A,R,L,N,S,Wl,WZ
- 1.L(t) - w.N(t) + wl[A+R—L~q.N] +
+ wz[L—R—es] + oy A+ a, R ¥ a3.L +
+ a,ly(t)-x(p,t)] + ¢[L-R- @S] (6)

4

where v, and ¢, are the costate variables associated with the
state variable3 N and S; o, @, and o, are the Kuhn-Tucker mul-
tipliers associated with t%e non—negagivity constraints on the
control variables A, Rand L, and ¢ is the multiplier correspon-
ding to the non-negativity constraint on the state variable S
(that is not in the objective function). The solution to the op
timal control problem must satisfy the conditions presented in
the appendix.

We have 32 regimes a priori possible corresponding to the various
combinations of positive or zero a,'s (i = 1,2,..,4) and ¢, but
it is easy to prove that some are fiot liable to be part of an
optimal strategy on the basis of the following propositions.

(P.1): The multipliers ay and @, can not be null simultaneously

Proof. From the conditions of the appendix, we have:

H' + H' = 0= -(r + 1) + (u2 + a.,)

R L 3
It is easy to see that Proposition (P.l) excludes 8 regimes.

(P.2): If the firm hire ( A{t) > 0 over an.interval), it has not
excess capacity ( oy > 0).

Proof. If A(t) > 0 the costate variable v, = a. If the firm has
excess capacity, the costate varia%le vy verifies

vy = o+ @) ¥ + oo
therefore (p + g).a + v = 0, but this is a contradiction
since the rates are positives.

(P.3): If the multiplier ¢ is positive ( ¢ > 0), the firm neither
lays off nor recalls.

Proof. If ¢ > 0, S = 0 therefore R = 0. If S = 0, L-R = 85 = 0,
therefore L = 0.

3. BUSSINES CYCLE

Assume now that the firm's expectations are:
Mip(t)] ".e®’ for all te[0,t,)
for all te [to,tl]

Mp(£)] 7% e® TR EIT ) for all te (4w )
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with p - 6 > 0, w >0, 6 > 0, M > 0.

The demand curve is thus of constant elasticity with an upward

trend expept in a slump between t, and ty in which demande decli
nes. :

Furthermore, the following assumption is made: the function of
revenue marginal

t),t - 1
Rip(r)] = RREVEL Ly 220

xs',[p(t),t] e
is always positive: ¢ > 1, that means the Hamiltonian is a con-
cave function.

As the multiplier a, = R [p(t)] it is easy to establish the fo-
llowing proposition.

(P.4): The firm has no excess capacity.

From the propositions (P.1), (P.2), (P.3) and (P.4), we have
only six policies to be part of an optimal stracegy. These six
policies are:
- POLICY 1 R=20, L>0, A =20
POLICY 2 s>0, R>0, L=0, A=0
POLICY 3. S >0, R =0, L =0, A>0
POLICY 4 s >0, R =0, =0, A=20
POLICY 5 $=0,R =0, =0, A>0
6 R =0,A=0

S >0,

[l

0
POLICY sS=0, = 0,
Before discussing the firm's optimal strategies, we sketch the
steps that will allow us characterize these policies.

Remark that the rate ® can be superior, inferior o equal to qg.

We analyse the case o > g, if & < g an analoque study can be
realized.

a) As the demand function x[p(t),t] is eqgual to y(t) along any
optimal sequence, we have the price and the number of emplo-
yed workers by the firm:

§ = € P + o N (7)
P N
for all te [0,£,)U (t;, + =) and

6"‘ n o= € p + o N (8)
P N
for all te (to,tl).
b) If H(t) = a.R{p(t)].[N(£)]® ! then from the conditions that
are presented in the appendix and (1), (2), we have the fo-
llowing results in the six policies: )
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In the policy 1, as v, € a, we have w-(p+0)1l~(06-g)a ¢ H(t),
we assumed that w-(p+786)1 - (6-g)a > 0, for characterize this

policy. (Notice of that this policy is not feasible in expan
sdéon phase if sz_q). ;n this policy the function H(t) 1is in-
creasing, since vy, = ¥, =(p + 0)v, = H. The number of workers

employed by the firm i§ decreasing, and the inventory of laidoffs
is increasing, decreasing or being cons*tant if L(t) is supe-
rior , inferior or equal to ¢.S. As 0 <L/N <1, the price is -
increasing in expansion phase and in recession phase:

P
p

ag + 8§ — u < € < ol g+l) + 6 - p
then, the price can be increasing, decreasing or constant de
pending of the relations between the rates.

In the policy 2, also wl § a, we have w + r(p+6) - (6-gla sH
(Notice that w+ r(p+8) = (6~qla 2 w - (p+8)1 - (6-g)a). The

behavior of the functions §, and ¥, is equal in the policy 1
and 2, therefore the functidn H(t)"is increasing in both po-
licies. Now, the inventory of laidoffs is always decreasing.
The number of workers employed by the firm increases, decrea
ses or 1is constant if R is equal, superior or inferior to qu

In the policies 3 and 5, the function H(t) is constant, the-
refore:

’j._:(‘l—a)_

5 (9)

Z {ze

In the expansion phase the price and the number of workers
employed are increasing, while in recession phase both decreas.
As in this policy A >0, this policies are feasible in rece--
ssion phase if g >b, where b = a+ (1 - o). The inventory -
of laidoffs is null in the policy 5 and in the policy 3 is
decreasing.

In the policies 4 and 6, the number of workers employed 1is
decreasing. The price in the expansion phase is increas, whi
le in the recession phase is constant, increasing or decrea-
sing if ¢ - p is equal to a.g, superior or inferior, then
the function H(t) is decreasing in the expansion phase and
increasing, decreasing or constant if g.b is equal, superior
or inferior to u- 6 in recession phase. In the policy 4, the
inventory of laidoffs is decreasing and the policy 6 is null.

Since that, the coestate variable v, is continuous and the
coestate variable v, is, in general; only piecewise continous
with jumps on the riIght, only the following links have gene-
rality to be considered from the conditions presented in the
appendix:

L o> 4 ; 1 —>=5 ; 2 —= 3 ; 2e—=4
2—»572———-—»6;3—»4;4—-—»3
5e— > 6. ; 6 —n1

In the following section, we study how the var;ous are linked
during the demande cycle. Assumed that at the initial moment
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t = 0, the function H(0) = ( p+ g).a + o with S(0) = 0 or
S(0) # 0, therefore we start with the policy 3 or 5.

4. THE DIFFERENT STRATEGIES

Assumed that at the initial moment the function H is equal to
(p + gla + w. The following propositions present and discuss the
different strategies that the firm adapts.

(P.5): If the rate at which employed workers quit is superior
to (u - ¢§)/b, then the firm always follows a policy of
hire positive.

Proof. If the inventory at the initial moment is positive, then
the conditions of the policy 3 are verifying and if -
S(0) = 0, we have the conditions of the policy 5. In this
case, these policies are possible in expansion and rece-
ssion phase. The behavior of hire is:

S

AlL) = N(E) [ + gl
from (3), (7) and (8) in the expansion phase; and
§ — u
A(t) = N(t) [-— + q]
b

from (3), (7) and (9) in the recession phase.

(P.6): If the rate at which emplQYed workers is equal to(u-s6)/b
then the firm does not hire in the recession phase.

Proof. If S(0) is positive and q = ( p- 6 )/b, the policy 3 is
not possible in recession phase and since only the poli-
cy 4 (A = 0) can follow to policy 3, this will be adapted
in the recession phase. In the policy 4, the number of
workers decreas and the function H(t) is constant, there
fore in the second expansion phase the firm adapts a hire
positive.

If S(0) = 0, the firm starts with the policy 5. Now then,
this policy is not possible in recession phase. Only the
policy 6 can follow to policy 5. In the policy 6, the
function H(t) is constant, we have H(t,) = H(t,) = o +
+ (p + 6).a, therefore, the firm can cdntinue in the se-
cond recession phase with the policy 5.

In the following propositions, we assume that the rate at which
employed workers quit is inferior to (u - §)/b.

Assumed that S$(0) is positive, then like in the cases preceding
the firm starts with the policy.3 that is not possible in rece-
ssion phase, therefore, in this phase to adapts a policy of null
hire and positive inventory. In this policy, the function H(t)
is decreasing and

§ ~u + g.b

= H(t,).e € (tl—t°> (10)

H(tl)
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with H(t,) = o+ (o+8).a

(P.7): If H(t,) is superior or equal to w+ r{ p+96) - (6~ Q).a
then t%e following strategies are possible: 3 -4 -2 - 3,
3-4-2-4-3, 3-4-2-6-5.

Proof. Now, the conditions of policy 2 verify. Then, the firm
recalls, but R can be inferior, superior or equal to --
q.N(t).

If S(t1) > q.N(tl), the firm can considerer a R > g.N

Now, S(tl) > q.N(tl) if
L S +
N(0) ) (6~ q)\_l ( 5 + g).t,

q—— < €
S(0)

If the firm adapts R = g.N, then N is constant and S is
decreasing, therefore, the relation S(t) > gq.N(t) is not
always valid. Let us, denote t., at moment where S(t,) =
= ¢g.N(t,), then since the func%ion H(t) is increasifig in
the policy 2, we have three possibilities: H(t.,) = H(t,)
H(t,) < H(t,) or H(t) = w + (p+6).a with t < t_. If
H(tz) = H(t,), the firm can continue with policy 3. If
H(t;) < H(t,), the firm continues with policy 4, where
the“function H(t) is increasing, until the function H(t)
attains H(t,) to continue with policy 3. Finally , if
H(t) = w+ a.{p+86) with t < t2, the firm will adapt
policy 3.

If the firm adapts R > g.N, then the number of workers
increases and the inventory decreases. Also now, the con
dition S > g.N is not always valid and we are in the case
preceding.

If S(t,) £ q.N{(t,), the firm adapts a recall R < g.N
Now, the inventory and the number of workers decreases
and the function H(t) increases. This policy can be main
tened until the inventory is null. If t, is the moment

where S(tz) = 0, we have: 2

a) If H(tz) = w + (p+ 6).a, the firm continues with po-
licy 3.

b) If H(t.,) < w + ( p+ 6).a, the firm continues with the

policy“6, until the function H attains w + ( o+ 8).a

c) If H(t) = w + (p+ 8 ).a, with t <t2, the firm adapts
at t the policy 3.

(P.8): If H(t,) 2 w - 1(p+ ©®) - (6~ g).a, where H(t,) is given
by (107, then the following strategies are posSibles for
the firm: 3 -4 -1-3, 3-4-1-4~-3,3-4-1-5,
3-4-1-6-5.

Proof. Now, we have the conditions of policy 1, therefore the
firm laids off. If N(t,) > o. S(tl), then L 2 6.S... The
condition N(tl>,> 8. S tl) is true if -
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s
=(e- glt,- ( = + a)t,
o N0 1 b

5(0)

If the firm adapts' L > ¢. S, the relation N(t) > & .S(t)
is not always possible, since, the inventory S(t) is cons
tant or is increasing and N(t) is decreasing. Since in -
policy 1 the function H(t) is increasing, we have different
sttuations. If at the t moment:N(tz) > 0 .S(tz) and

H(t,) = w + a( o+ 6), t%e firm continues with Policy 3 and
if at the t, moment N(t,) = 6 .S(t,) and H(t,)< w+a(p + 6 )
the firm cofitinues with“policy 4 ufitil the fiinction attains
w+ alp+6) to continue with policy 3 afterwards.

if N(tl) £ 0. S(t,;) the firm adapts a laidoff L < .S
the firm can folldw this policy until the function H(t)
(that is increasing) attains w + ( p+ 6 ).a continuing
with policy 3 or until the inventory is null, then the
firm adapts policy 6 and then policy 5.

Remark that the function H(t) at the t, moment has not to veri-
fy the condition of the propositions (%.7) or (P.8), then the

firm can support the policy 4 in the second expansion phase un-
til can be applied policy 1 and then we are in a case preceding.

The propositions (P.7) and (P.8) assume a positive inventory at
the moment initial. Analyse now, the case S(0) = 0, the firm -
adapts policy 5 in the expansion phase, that in not possible in
recession phase. The policy 6 can only follow to policy 5, the-
refore this policy is adapt in recession phase. Policy 1 and
policy 5 are the anly policies that can follow policy 6. Now
then, both require determined conditions about the H(t) function.
Policy 5 cannot be considered at the end of the recession phase
because of the values that is reaches there, then we can adapt
policy 1 if its conditions are verified, being in a situation
already analized previously, in another case, we will adapt po-
licy 6 until we can adapt policy 1.

5. CONCLUSION

This paper has analyzed the policies of hire, recall , layoff
and prices of a firm in a bussines cycle. The paper can be con-
sidered as a Barron, Loewenstein and Black's work, accounting
the bussines cycle. The rates of model, that have been assumed
constant, as soon as the values at the initial moment of the -
state variables and output price have shown that play a crucial
role to determine the policy that the firm adapts at the initial
moment .

Assuming that the firm starts hiring, we have analyzed the di-
fferent behaviors that the firm adapts as much in the expansion
phase as in the recession phase. It is necessary to bring out -
the different behaviors of the firm after the recession phase,
since the firm can adapt policies of recall,layoff, hire or po-
~licies of modification only of the price, until the firm reaches
the situation of departure. These strategies depend on the rates
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and the duration on the recession phase.
Obviouly, these considerations have been realized in the par-
ticular case that the model analyses.

APPENDIX

From (6), a solution to the optimal control problem must satis-
fy the following conditions:

= xpe) + ple)x(B,) = ayxy(p,t) = 0
%% = —-a + ﬁl + al = 0

22 =S r ANtV ey -0 =0

gg =~ 1 vy + by asg + ¢ =0
- Oy PY) = - 0 =g ¥y F oo, fR(N)
- vy, pY,) = By, - 60

a, [EIN(t)) - x(p, )] =0 ; a3 0
ul.A = 0 ; oy > 0

az.R = 0 ; °, > 0

a3.L =0 : aq 2 0

6.5 =0 ; ¢[L-R=-0S8S)]=0 ; ¢ 2 0

The transversality conditions corresponding to the control pro-

blem are
lim vy 2 0 H 4‘llm vy N =20
£ o® t >
lim g > 0 ; lim v ,.5 =0
£y ow 2 t e ow 2

The costate variable vy, is, in general, only piecewise conti-
nuous. At each jump point ty
bolty) = v lty) + Ky

where the non-negative values of Ki are chosen so as to insure
the conditions above.
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