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The principle of conservation states that physical quantities are confined 
to their own identifiable channels and can enter, circulate within, or depart 
from a system only by explicit processes. This paper a1•plies the conservation 
principle to an analysis of the multiplier-accelerator theory of business cycles. 
Section I describes and critiques a well-known model of the.multiplier-accelerator 
interaction. By ignoring accumulations of inventory and fixed capital investment, 
the model fails to observe the conservation of important physical flows. Section 
II proposes a system dynamics model that incorporates the multiplier and acceler
ator processes within a closed, conserved-flow framework. Section III uses com
puter simulation to portray the impact of conservation on the multiplier
accelerator interactlon. Simulations of the system dynamics model reveal plaus
ible long-term cycles, rather than the short-term fluctuations associated with 
traditional multiplier-accelerator models. At the end of Section III, the model 
is modified to account explicitly for labor, as well as capital, in the produc
tion process. This revised model produces both short-term and long-term oscil
lations when submitted to a noise input. The short-term oscillations, averaging 
about 5 years, reflect the attempt to adjust inventories by varying the. labor 
input to production. The longer fluctuations in capital stock, averaging 19 
years, reflect the management of investment in fixed capital. In all of the 
tests, the incorporation of conserved flow.s considerably reduces the sensitfvJ ty 
of system behavior to changes in parameter values. The simulations provi.de 
theoretical evidence for divorcing short-term business cycles from the inter
action of the multiplier and accelerator. 
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I. IHTllODUCTIONl 

Economic processes, like the physical sciences. observe the principle of 

conservation. In real economic systems. physical flows auch·as production or 

the receipt of money income are conserved, or accumulated in physical atocka, 

such sa inventories and money pools. In this fashion, things that move within 

a system--such as goods and money--are confined to their own identifiable chan-

nels and can enter, circulate within, or depart from the system only by explicit 

processes. 

Many economic models fail to observe the princ~ple of conservation. As a 

result, they sometimes generate misleading conclusions. This paper shows that 

one of the classic economic models, the multiplier-accelerator analysis first 

~ropoaed by Samuelson in 1939, 2 fails to incorporate properly the conservation 

of physical flows. The Samuelson model and ita. later extenaiona3 have been 

1 This paper draws on an earlier, unpublished paper entit1ed "A Systems Approach 
to the Hultlpller-Accelerator Theory of Business Cycles," by G. W. Low and 
N. J. Hass (System Dynamics Group Working Paper D-1785-2, August 29, 1974). 
The model described in Section II closely resembles the model in the earlier 
draft. The simulations and conclusions are substantially different. I am 
grateful to Professor Nass for many aspects of the approach taken here, and 
refer specifically to his book, Economic Cycles: An Analysis~ Underlying 
Causes (Cambridge: Wright-Allen Press, 1975), to which this paper relates. 

2P. A. Samuelson, "Interactions Between the Hultiplier ·Analysis and the Principle 
of Acceleration," Review~ Economic Statistics, vol. 21 (Hay 1939), pp. 75-79, 

3see; for example, J. R. lUcks, ~Contribution to!..~ Theory of the Trade Cycle 
(Oxford: Clarendon Press, 1950); R. G. D. Allen, "The Structure of 11acro-Economic 
Models," Economic Jour_~!!.-..!_ (Harch 1960), pp. 38-51; R. H. Goodwin, "The Nonlinear 
Accelerator and the l'erslstence of Business Cycles," Econometrica, vol. 19 (Jan
uary 1951), pp. 1-17; and A. Smithies, "Economic F1uctuations and Growth," Econ-
~m_etr_i~!!_, vnl. 25 (.hr.uary 1957), pp. 1-52. --
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\ widely acc_epted as theoretical evidence Uniting the ahort-tem business cycle 

with the interaction of the multiplier and acceleration principlea.4 This paper. 

however, shows that, when internal flows are conserved. a model of the multiplier-

accelerator interaction does not produce abort-term fluctuations, but does gen-

erate plausible long-term cycles. Moreover, the incorporation of conserved 

flows within a systems perspective considerably reduces the sensitivity of 

_system behavior to parameter changes, 

The purpose of revising the multiplier-accelerator model here is not to 

provide an alternative theory of the business cycle, but to correct the por- . 

trayal of a set of widely-acknowledged dynamic processes through a systems 

approach that is ignored. too often in the economics literature. 

C 1 a a li i c 

A. D e a c r i p t i o n o f t h e 

M u 1 t i p 1 i e r - A c c e 1 e r a t o r 

The basic model consists of three difference equations:~ 

Hod e 1 

4In Keynesian theory, a portion of each "round" of income payments in the circu
lar flow of spending and production is devoted to consumption. Consumption 
spending encourages additional output, thereby bringing about expanded aggre
gate income and further subsequent spending. The multiplier describes the ul
timate impact of this process on national income in response to an exogenous 
change in government or investment expenditures. The numerical value of the 
multiplier depends, in the simplest models, on the proportion of income (the 
"marginal propensity to consume") that· is spent on cur:rent consumption rat11er 
than saved for future consumption. According to the accelerator, investment is 
proportional to the change in sales. The acceleratorprincip(e is based on the 
relationship between the flow of production and the stock of capital. As pro
duction, and therefore sales, expands, capital must rise to maintain productive 
capacity. Since capital (a stock) is linked directly to sales (a flow), the 
change in capital (investment) d2pends on the cha'!S.~ in the flow of final prod
uct sales. 

5
This version of the model appears in W. L. Smith, Macroeconomics (Homewood, Ill.: 
Richard D. Irwin, 1970), p. 178. 
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C - consumption 
·I investment 
G govermuent expenditures (a fixed quantity)· 
a,c constant parameters 

(1) 

(2) 

(3) 

The (discrete) mu1tiplier-accelerator model assumes that time is broken 

into finite periods of undefined duration. Equation (1) states that production 

in Period t equals expenditures in the previous time interval. The "output 

lag" between the time when agg~egate spending takes place and the time when 

productio~ stimulated by this spending subsequently occurs is one period. 

In Equation (2), consumption is assumed to be a constant proportion of 

current Income, In Keynes' terminology, this assumption implies a constant 

IIUlrginal ant! average propensity to consume out of income. 

The investment function in Equation (3) is derived as follow&: 

••• (C]onsider a mo.lel with an output lag in which businessmen 
produce in period t an amount equal to their sales in period 
t-1. Suppose further than they desire to have 'a' dollars of 
capital for each dollar of sales ma<le in the previous period 
and that they always engage in an amount of investment suffi
cient to achieve this objective. That is, 

where K is the stock of capttal and Y is gross national 
product,6 

This assumption leads directly to the investment function: 

6 Ibid., p. 178. 

·l!liW!uJJ 

\ 

where desirud capital DK and actual capital are, by assumptio~, always equal. 

By combining equations, the simple multiplier-accelerator model can be· 

expressed as one second-order difference equation for gross national product ·Y: 

yt • (c+a)Yt-1- a*Yt-2 + G.7 

_Depending on the values of the constants "a" and ""," income can increase with-

out limit, move directly toward equilibrium, or exhibit convergent, steady, or 

divergent oscillations about the equilibrium level of y, 8 

7 Samuelson's equ~tions are a lightly different-: 

(2') ct • cYt-l 

(3') It·· acct - ct_1> 
By substitution, 

Equation (1 1
) represents an accounting identify, or budget constraint. Equa

tion (3') bases capital accumulaLion on the curre~t change in consumptioq. 
"a" represents the "rela.tion" b.etween 'private investment and the current per
iod change in consumption (Samuelson, p.-75), while "a" in the Smith version 
reflects the ratio between capital and total, rather than just consumer-goods, 
output. Hore important than the differences, however, ;l.s the fact that both 
sets of equations collapse into one second-order difference equation with two 
constant coefficients. 

8solving the difference equation with Y • Xt yields:· 

x2 (c + a)X + a • 0 

(X- X1)(X- X2 ) • 0 

(1) 

(2) 

where X1 , X2 are the two roots of the equation. Comparing (1) and (2), we see 
that a= X1Xz. Therefore, if "a" is greater than 1, the system will be explo
sive. Also, X1 and Xz will be real numbers (and the system will not oscillate) 
if, 

I (c + a) 2 
- 4a) > 0. 

' I 
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B. Critique 0 f the M o cl e 1 

Real-world dynamic processes reflect the principle of conservation. which 

. accumulates rates of flow in physical stocks. Fixed capital, for example, rep

resents the accumulation, or integration, of net investment flows; money pools 

accumulate the difference between money inflows and payments. During periods 

of economic growth, physical additions to capital exceed discards, and the 

capital stock increases. Over a typical 3- to 7-year business cycle, money 

pools, product inventories, and other stocks rise and fall in response to vari

ations in the flows that are being integrated over time. 

These accumulations, in turn, influence the flow rates, through a variety 

of information and decision channels. For instance, an excessive accumulation 

of fixed capital will discourage continued investment; while excess product 

inventories may encourage reduced production. which augments inventories, and 

expanded shipments, which deplete inventories. In any dynamic system. such 

feedbacks between rates of flow and their accumulation in stocks determine 

the process of change over time. 

Economic models th~t fail to capture the integration processes are often 

inadequate for describ~ng the disequilibrium characteristics of economic activ

ity. The multiplier-accelerator model, for example, attempts to explain dis

equilibrium behavior. But the model ignores the accumulations that occur when 

the real economy is in disequilibrium. For example, income, production, and 

sales are different concepts which have equal values when the system is in 

equilibrium, but do not have Fqual values under disequilibrium conditions. 

Income represents the transfer of purchasing power to the factors of pro

duction. Production represents the creation of goods and services. Sales in-

volve the transfer of produced goods and services. The difference between 
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production and sales must accumulate aoaevhere in order to conserve the physical 

flows through the production-distribution channel. Conservation, therefore • 

requires a level of inventory to uncouple these two distinctly different ~ates 

of flow. 

By ignoring inventories, the multiplier-accelerator model neglects dynamic 

processes that are important to explaining the business cycle. When demand is 

growing, for example, inventories decline and production must rise more than 

in proportion to demand in order to redress the balance between inventories and 

sales. Conversely, when demand declines, production may fall below the volume 

of purchases in o~de~ to permit a runoff of unwanted inventories. The influ

ence of inventory, therefore, will affect the swings in income induced by the 

.interaction of the multiplier and the accelerator. 

The traditional model also fails to conserve investment flows in an 

explicit level of capital. Equation (1) in the model described previously 

specifies production at time t (Yt) independently of capital and, therefore, 

of the capacity to produce. However, the model implies a relationship between 

capacity and output in the form of a capital-output ratio (the coefficient "a"). 

Because there are no constraints on investment, actual capital always equals 

the desired amount. The relative availability of capital goods inventories, 

however, affects investment and thereby the accumulation of productive capacity. 

A model portraying the multiplier-accelerator processes, therefore, must track 

capital stock so as to show properly the dynamic impact of changing demand on 

system behavior. 

The conservation of investment flows is also required if we wish to portray 

the real processes of capital accumulation and runoff through obsolescence. 

While the traditional model represents~ investment (Equation (3)), which is 



zero in equilibrium, a more realistic· model would incorporate the asymmetric 

process by which capital actually grows or declines, tn a cyclical upswing, 

for example, capital accumulates the rositive differenr.e between gross 

additions and discards. In the downswing, however, capital runoff is limited 

by the rate of capital depreciation.9 

I I. A SYSTEH DYNAMICS REVISION 

0 F T H E MULTIPLIER-ACCELERATOR HODEL 

The traditional multiplier-accelerator model fails to conserve physical 

flows. Yet the "physics" of _real economic processes requires conservation to 

link such rates as production and consumption with capacity and available out-

put. This section offers a system dynamics alternative to the usual versions 

of the multiplier-accelerator mode1. 10 The revised model retains the multi-

plier and accelerator principles but adds the structure re~uired to represent 

conservation. The consequences of adding conservation to the multiplier-

accelerator interaction arc exp~ored in the simulations described in Section III. 

The revised multiplier-accelerator model, consisting of 16 equations, is 

shown in the flow diagram in Figure 1. Equation 1 represents sales S 'as the 

sum of three components--consumption C, investment I, and government purchases G. 

9 Jan Tinbergen raised this issue even before the publicatio-n of Samuelson's 
model, in "Statistical Evidence on the Acceleration Principle," Economics 
(May 1938), pp. 164-176. 

101'he system dynamics approar.h tci modeling is deRcribed in J. W. Forrcstel', 
In<!_ustr~ Dynamlcs (Cambri.dge: MIT Press, '!961), and Principles of Systems 
(Cambridge: Wright-Allen Press, 1968), 
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Figure 1. DYNAMO flow diagram 
for the revised multiplier-accelerator model 

S.K=C,JKti.JKtG,JK lo A 
S SALES <OUTPUT UNITS/YEAR) 
C CONSUMPTION <OUTPUT UNITS/YEAR) 
I INVESTMENT <CAPITAL UNITS/YEAR> 
G GOVERNMENT PURCHASES <OUTPUT UN ITS/YEAR) 

Consumption C is defined in Equation 2 as the product of indicated con

. sumption IC and the multiplier from availability on sales HAS. 

C,KL=IC.K*MAS.K 2• R 
C CONSUMPTION COUTf'UT UNITS/YEAR) 
IC INIIICATED CONSUMF'TION COUTF'UT .UNITS/YEAR> 
HAS HULTif'LlER FROM AVAILABILITY ON SALES 

(DIMENSIONLESS> 

Indicated consumption IC, appearing in Equation 3, is proportional to 

average sales AS and therefore resembles the consumption function that appears 

in the traditional multiplier-accelerator treatment. The constant term, average 
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p~opensity to consume APC, represents the fraction of total income (0,65 in' the 

mo_del) normally spent on personal consumption as opposed to being ·taxed by the 

government or saved for private investment. 11 The link between average sales AS 

and indicated consumption IC implies that the real purchasing value of total 

sales is distributed over time to owners of productive factors (for example, 

labor and capital services), who, in. turn, spend their income on further 

consumption. 

IC.K=Af'C*AS.K 
APC=.65 J.t. c 

INDICATED CONSUMPTION <OUTPUT UNITS/YEAR) IC 
APC 
AS 

- AVERAGE PROPENSITY TO CONSUME <FRACTION) 
AVERAGE SALES <OUTPUT UNITS/YEAR) 

Average sales AS is defined in Equation 4. The averaging process subsumes 

delays in paying factor inputs, perceiving information, and changing consumer 

habits. In the model, average sales AS is an exponentially smoothed value of 

cu):'r.ent sales. Current consumption consequently depends on the sales (trans-

ferred into income) of all past periods. For example, with a time to smooth 

sales TSS equal to 2 years, roughly 63 percent of the sales level of 2 years ago 

is included in cuq:-ent "operational" or "permanent" income (and therefore inf1u-

ences current consumption); however, sales of 8 years ago exert almost no impact 

on. today's spendlng. 12 The formulation reflects the continuous process by which 

consumption habits and standards are gradually adapted to the levels dictated by 

11tn recent years, personal consumption expenditures have equaled about 63% of 
the gross national product (see Statistical Abstract of the United States 1974, 
p. 373). 

12The two-year time to smooth sales TSS is probably on the short side of the real 
vnluc. 1\.:cnnllu<> '" '·l:~r.s, for example, empirical work by Friedman in 1957 
would l1aply a vai11-· '" 2.63 years for TSS (Mass,~·£!.!:.., p •. 85). 

crurrent inco.me. 13 It may be contrasted with the consumption function in the 

earlier model where expenditures are determined solely by current inco~e or 

by income averaged over s.ome "current" period. 

AS.K=AS,J+<DT/TSS>CS.J-AS,J) 
AS=lOOO 
TSS=2 

AS 
TSS 
s 

AVERAGE SALES <OUTPUT UNITS/YEAR) 
TIME TO SMOOTH SALES <YEARS) 
SALES <OUTPUT UNITS/YEAR~ 

When inventory deviates from the desired level, the multiplier from avail-

ability on sales MAS compels consumption C to depart from the indicated quan-

tity. Equation 5 defines the multiplier as a nonlinear function of the ratio 

of inventory !NV 'to desired inventory DINV. The table that specifies the re-

lationship, shown in Figure 2, approximates a complex underlying structure of 

pricing, distribution, and consumption decisions. m1en inventories are abun-

dant, for example, consumers can be induced to spend up to 12 percent more 
I 

than the normal indicated amount, thereby helping to bring inve'!tories down to desired 

levels; when inventories are scarce, consumers c·an be forced to purchase less than 

normal. For example,during a period of rising prices, which in turn may respond to 

inve~tory shortages, a given amount of nominal consumer expenditure wi.l1 purch.~se loss 

in real terms--that is, in terms of physical output. The multiplier from availability 

on sales MAS modifies government and investment spending as well as consumption. 

11Ttieories of consumption abound in the economics literature. Planned consump
tion PC here corresponds to the "permanent" portion of consumption in Fried
man's formulation: 

Permanent consumption • Cp • ~btY t-1 

where 0 < b <· 1 and ~ is the average propensity to consume. See H. Friedman, 
! Theory of the Consumr>tion Function (Princeton: Princeton University Press, 
1957). 

t:. 
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·- Jl,:j -

' ' 
I 
I 

L.--J,. :.-1-' 

- -· -r--~~ - H-
~V-

-· -V -

~~ 
f-+-f- -- - ' 

~ff r-- f-

O.!;i 1.0 1.5 
INV INVENTORY 

OINV- DESIRED INVENTORY 

Figure 2. Table for multiplier from availability on sales 

HAS, K=TADIIL.<THAS• INV ,K/ItlNV.K • Or 1. 5•, 25> 
THAS;0/.4/,7/,9/1/l,OB/1.12 

l'lt\~; - HUI.Tif'UF.R 1'1~011 AVAILAllfUTY ON SALES 

lHAS 

INV 
DINV 

( ltlHLNU 1 UtiLlt>!J) 
- TIIDLE nm NUL TIPLIER FIWH AVAILADILITY ON 

SALES 
- INVENJORY <OUJPUT UNITS) 
- DESIRED INVENJORY <OUTPUT UNITS) 

The level of inventory INV is defined in Equation 6. In this simple model, 

all production, whether consumer goods or capital equipment, flows into one ag-

gregate inventory, to be distributed subsequently to purchasers of consumer 

goods (as "output units") or capital goods (as "capital units"). Inventory con

serves the flow of goods in the production-distribution chanmil, thereby permit

ting an analysis of disequilibrium behavior, when the two ends of the channel 

(product inn cmd "''1 .. , • 1 r<' nnt: equ.11. 
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INV.K=INV,JtDT*<P,JK-C.JK-I.JK-O.JK> 
INV=DINV 

INV 
p 
c 
I 

- ItlVF.NTORY <OUTPUT UNITS>· 
PRODUCTION COUTPUT UNITS/YEAR> 
CONSUMPTION <OUTPUT UNITS/YEAR> 
INVESTNEUT <CAPITAL UNITS/YEAR> 

6• L 
6•1• N 

G 
DINV 

- GOVERNMENT PURCHASES (OUTPUT UNITS/YEAR) 
- DESIRED INVENTORY <OUTPUT UNITS) 

Equation 7 defines the desired level of inventories. In order to maintain 

continuity in production scheduling and distribution operations, producers are 

·assumed to desire an inventory equal to approximately 3.5 months of average 

sales As. 14 

DINV.K=CF*AS.K 
CF=.J 

DINV 
CF 
AS 

- {\ESIRED INVENTORY <OUTPUT UNITS) 
- COVERAGE FACTOR <YEARS) 
- AVERAGE SALES <OUJPUT UNITS/YEA~> 

7• A 
7.1. c 

Investment I is defined in Equation 8. Although consumer goods are no 

longer accounted for after they flow out of inventory, capital goods flow di-

rectly from the level of inventory INV to the stock of capital K (see FigQre 1). 

The rate that links the two levels, investment I, usually equ~ls desired net 

investment plus discards. If desired and actual capital balance, then invest-

ment just offsets discards, and capital remains in equilibrium. 

Invest~ent plans are not always. realized, however. For one thing, gross 

investment, unlike net investment, cannot decline below zero. If desired net 

investment DNI is negative, gross investment is constrained by the multiplier 

on investment ~II (see Equation 13) to a value greater than or equal to zero. 

The second influence on investn1ent I, the multi.plier from availability on 

sales MAS, introduces a significant feature of conservation in the revised 

141'his estimate for the coverage factor CF is consistent with data presented in 
Moses Ahramnvltz, Inv~££rl~ ~~ fiusine~s Cycle:!!_ (New York: Natioll'll Bureau 
of Economic Resean:h, 1950), p. 132. 
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model. Inadequate inventories constrain the rate of capital accumulation. The 

flow of capital from finished goods inventory into the stock of ·productive cap-

ital links the·lev~ls of inventory and capital. Capital accumulation, in tu~n, 

governs the economy's capaclty to produce and, thereby, to replenish th~ inven

tory of finished goods for further investment (or consumption). The introduc-

tion of one conserving level (inventory), therefore, requires another level 

(capital) to conserve the flow of investment goods and to relate current capac-

ity to the production of more capacity. 

J.KL=<DNI.KtK.K/ALK>*MI.K*HAS,K a. R 
I 
DNI 
K 
ALK 
ttl 
HAS 

- INVESTMENT <CAPITAL UNITS/YEAR> 
DESIRE£• NET INVESTMENT <CAPITAL UNITS/YEAR> 
CAPITAL (CAPITAL UNITS> 
AVERAGE LIFE OF CAPITAL (YEARS) 
MULTIPLIER ON INVESTMENT <DIMENSIONLESS) 
HULTIPLIEf< Ff<OM AVAILABILITY ON SALES 

<IIH1ENSIONLESS) 

Equation 9 defines desired net investment DNI as the difference between 

desired and actual capital, divided by an adjustment time. The normal time 

to adjust capital NTAK of 2 years reflects the period of planning and organi

zation required to make changes in operating capacity. 15 · 

DNI,K=<DK.K-K,K)/NTAK 
NTAK=2 

DNI 
[II\ 

- DESIRED NET INVESTMENT (CAPITAL 
- DESIRED CAPITAL (CAPITAL UNITS> 
- CAPITAL (CAPITAL UNITS> 

9r A 
9.1. c 

UNITS/YEAR> 

K 
NTAK - NORMAL TIME TO ADJUST CAPITAL (YEARS> 

15
nespite the Jack of substant4,1 empirical evidence, some investment studies 
suggest a lag of about 6 quarters ·between appropriations and expenditures 
(H. K. Evans, ~~~~lc Activity (Ne•" York: llarper and Row, 1969), p. 
101). To this lag one should add some period for observing past activity 
and for plnnnlng fn·_., .. ,tm<>nt. As with the time to· smooth sales TSS, there
fore, the lh•n:.:tl : i ·· r." :ul just capital N'fAK probably is also on the short 
sl<lc·. 
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' Like the investment equation in the traditional multiplier-accelerator 

.odel, desired capital DK, ~efined in Equation 10, is proportional to past 

sales, in this case average sales AS rather than a discrete one-period "lag. 

NCOR=2o25 
DK 
AS 
NCOR 

DESIRED CAPITAL (CAPITAL UNITS) 
AVERAGE SALES <OUTPUT UNITS/YEAR) 

- NORMAL CAPITAL-OUTPUT RATIO <C~PITAL 
OUTPUT UNIT/YEAR) 

lOr A 
10.1.. c 

UNITS/ 

In Equation 11, capital K accumulates the difference between investment I 

and discards D. 

K.K=K.JtDT*<I.JK-D.JK) 
K=IK 
IK=2250 

K 
I 
D 
IK 

- CAPITAL <CAPITAL UNITS> 
INVESTMENT <CAPITAL UNITS/YEAR) 

- I•ISCARDS (CAPITAL UNITS/YEAR) 
- INITIAL CAPITAL <CAPITAL UNITS) 

11r L 
11.1. N 
11.2. c 

. Discards D, defined by Equation 12, assumes a constant average life of 

capital ALK of 15 years. 16 The discard equation states that a constant frac-

tion of existing capital becomes technically obsolete or otherwise uneconomical 

each year. 

D.KL=K.K/ALK 
ALK=15 

D 
K 
ALK 

- DISCARDS <CAPITAL UNITS/YEAR> 
- CAPITAL <CAPITAL UNITS) 
- AVERAGE LIFE OF CAPITAL <YEARS> 

Equation 13 and Figure 3 show the formulation for the multiplier on in-

vestment HI, which constrains investment as desired net investment DNI becomes 

increasingly negative. When desired net investment DNI is zero or positive, 

16A 15-year average lifetime for total capital stock (including equipment and 
structures) is consistent with the depreciation guidelines given in "Asllet 
Guideline Classes and Periods, Asset Depreciation Rnnges," Paragraph 220, in 
1971 Depreciation Guide (New York: Commerce Clearing House, 1971). 
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Figure 3. 'fable for multiplier on investment· 

the multiplier bas no impact on investment; in that case, the only constraint 

on expanding capital by the desired amount is the already-described multipliel' 

.from availability on sales HAs·. When desired net investment DNI is negative, 

however, the multiplier constrains (gross) investment I, eventually forcing 

investment to zero ~hen firms in the aggregate want capital stock to decline 

by an amount "qual to or greater than the rate of discards (by Equation 12, 

discards D a K/ALK). As we have seen already, discards in the model are deter-

mined by tile fixed average life of capital AI.K. Therefore, capital cannot de-

cline fractionally by more than 1/ALK, even if businessmen want capital to de-

cline faster. When the ratio of DNI to K/AIS. .falls between -1 and 0, the 

multiplier on investment HI causes (gross) investment I to fall ~elow its. 

usual value of DNI + K/ALK (see Equation 8). In effect, while the normal 

time to adjust capital NTAK is .2 years, the actual adjustment time falls 
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below 2 years17 as businessmen become increasingly pessimistic and permit cap

' 
ttal to decline tbrounh discards even more rapidly than would be warranted 

by desired net investment DNI alone. 

HI .K=TABHL< THI, ItNI ,1\/(K,K/ALK>o-1 ,o, • 25> 13r A 
THI=0/,6/.9/1/1 13.1r T 

HI - MULTIPLIER ON INVESTMENT CPIHENSIONLESS> 
THI TABLE FOR MULTIPLIER ON INVESTMENT 
ItNI PESWED NET INVESTMENT <CAPITAL UNITS/YEAR> 
K - CAPITAL <CAPITAL UNITS> 
ALK - AVERAGE LIFE OF CAPITAL <YEANS) 

,\s shown in Equation 14, the rate of government spending G is determined 

outside of the system, except to the extent that it is constrained by the 

multiplier from availability on sales MAS. 

G.KL=<IGtSTEP<SG,TSO)>*HAS,K 
10=200 

14r R 
14.1· c 
14.2• c 
14 .3. c 

SG=20 
TSG=l 

0 
IO 

so 

TSG 
MAS 

- GOVErmMENT PUHCHASES '<OUTPUT 
- INITIAL GOVERNMENT PURCHASES 

YEAR) 

UNITS/YEAR> 
<OUTPUT UNITS/ 

- STEP IN GOVERNMENT PURCHASES <OUTPUT UNITS/ 
YEAR> 

- TIME TO STEP GOVERNMENT P~RCHASES <TIME> 
- MULTIPLIER FROM AVAILABILITY ON SALES 

<DIMENSIONLESS> 

17u can be shown algebraically, for example, that when 

DNI 
K/AI.K • -0.5 and -0.75, 

the actual adjustment times equal 1.82 years and 1.76 years, respectively. 
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Equation 15 defines production P as proportional to the. amount of capital 

K, except when disturbed by a noise term18 or by the multiplier from inventory 

on production MIP. 19 The multiplier will permit certain simulation tests dis-

cussed in Section III, but it is no't considered a part of the basic model de-

scribed here and, therefore, does not appear in the flow diagram in Figure 1. 

p,KL=(K.K/NCOR>iMIP.K*NP.K 15r R 
P f'RO[IUCTION <OUTPUT UNITS/YEAR> 
K - CAPITAL <CAPITAL UNITS> 
NCOR -' NOrmAL CAF'ITAL-OUTPUT RATIO <CAPITAL UNITS/ 

OUTPUT UNIT/YEAR> 
HIP - HUL TIPLIER FROM INVENTORY ON PR0£1UCTION 

<DIMENSIONLESS) 
NP - NOISE IN f'RO[IUCTION <DIMENSIONLESS> 

18Noise in production NP, defined in Equation 16, approximates random disturb
ances wtth shor~-term autocorrelation by smoothing normally-distributed ran
dom values generated for ea<;h solution interval over a one-year time to 
smooth noise in production TSNP. The mean value of the distribution 'is 1. 
Setting. the standard deviation in noise in production SDNP to some value 
greater than zero introduces noise and, thereby, permits one to study phas
ing and natural frequency characteristics. The noise input is used in twa 
of the simulations described in the next section. 

NP.K=NP,Jt([IT/TSNf'I(NORMRN<trSDNP>-NP,J) 
NP=l 

16r L 
16.1• N 
1'6, 2r C 
16,Jr C 

TSNF'=l 
SDNF'=O 

Nf' 
TSNF' 
SDNP 

- NOISE IN PRODUCTION <DIMENSIONLESS) 
- TIME TO SMOOTH NOISE IN PRODUCTION <YEARS) 

STANDAR[I DEVIATION IN NOISE IN PRODUCTION 
( [IIHENSIONLESS) 

19rhe equation for ~liP relates production to the relative level of inventory. 
All of the values in the table equal 1 (TMIP m 1/1/1/1/1) in the basic 
model. 

Hif'.K=TADHLCTMIPriNV.K/DINVoKrOr2o.5) 
THIP=l/1/1/1/1 17r A 

17,1r T 
ON PRO[IUCTION HIP - MULTIPLIER FROM ItiVENTORY 

THIP 

INV 
DINV 

<r•IMENSIONLESS > 
- TABLE FOr~ MUL TIF'LIER Ff~OH INVENTORY ON 

PRODUCTION 
- INVENTORY <OUTPUT UNITS) 
- DESIRED INVENTORY <OUTPUT UNITS> 

. ' 

· I I I. MODEL SIMULATIONS 

Explicit representation'of fixed capital and product inventory slgnlfi-

cantl7 alters the effects of the modeled multiplier-accelerator interaction, 

The first simulation test presented here depicts th~ influence of capital 

accumulation in isolation, by ignoring the conservation of production flows 

in inventory. The remaining 'tests reflect the impact .of both inventory and 

capital accumulation on system behavior. The simulations suggest that . 

the interaction o.f the multiplier and accelerator has little to do with 

the generation of short-term business cycles. 

A. C o n s e r v a t i o n 

C a p i t a 1 I n v e s t m e n t 

0 f 

F 1 o w s 

For the first simulation experiment, inventory is removed·from the 

production-distribution channel so that the system dynamics model conforms 

very closely to the original multiplier-accelerator model. Production in 

this c.ase still varies in proportion i:o ~apital stock, but the model assumes 

that production is sufficient to permit the realization of desired purchases 

at all times. These considerations eliminate the influence of inventory and 

production, leaving essentially the structure displ,ayed in Figure 4. 
20 

20Inventory INV is ignored by setting the table for multiplier from availability 
on sales T~L\S to 1 (TMAS ~ 1/1/1/1/1/1/1). Since government purchases G and 
consumption C now are not affected by inventory INV, the two rates simply 
equal the indicated, or unconstrained, quantities. Therefore, indicated con
sumption IC (which equals consumption C here) appears in the figure as a com
ponent of sales S; and government purchases G appears simply aa an auxiliary 
variable used as a test input, 
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Figure 4. Revised version of the system dynamics model 

To generate the computer plots (shown. in Figure 5), the model is disturbed 

from equillbrium21 b; a 10-percent step in government purchases (SG • 20). Two. 

characteristics of the resulting behavior bear particular notice--the tendency 

for the model. variables to overshoot their eventual equilibrium values, and the 

21rn equilibrium, all three level variables remain constant. Inventory INV • 
desired inventory DINV = "300; ·capital K = 2550; production P K sales S • 1000; 
and investment I = di-s cards D = 150. Government purchases G start at 200 and 
then step to 220 (SG = 20) at tine 1 (TSG • 1). These proportions closely 
correspond to dnta fnr the Unltc•d States in recent years-; during the period 
19fa'l-19i'J, prn;-o;••l '·'''''"u•;•a:lon equated 63 percent of GNP, government pur
cha~·H''-i of ~·cw 1•: ,. ···rv i.n.!~; C<tualed 22 percent and gross private domestic 
investment cqudlcJ lj percent (Statistical Abstract 1974, p. 373). 
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Figure ·s. Behavior of the basic model without inventory .accumulation 

periodicity of oscillation. 

Overshoot is produced by combining the accelerator (the dependence of in

vestment on the change in sales) with the multiplier (the dependence of consump-

tion on (average) sales). The multiplier alone embodies the feedback loop 

shown in Figure 6. The causal polariti.es in the figure are all positive, 

which normally would suggeo<t self-sustaining, rather than self-correcting, 

behavior. Yet the loop is goal-seeking, because the gain around the loop is 

less than 1 (the gain equals the average propensity to consume APG, here equal 

to 0.65). As sales and average sales increase, for example, because of an 

initial step in government purchases, consumption grows by less than the full 

amount. Eventually, with investment held constant, consumption would rise 

. ; 1 u:; t i:.c.;¥i; < 
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SALES~ 
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CONSUMPTION 
I•APCoASI +------

Figure 6. The multiplier loop 

\_ •:. ·-' 

without overshoot to a new equilibrium value of 687, over a period determined by 

the time constant used in smoothing sales. 22 

Overshoot occurs, however, because. investment I, instead of remaining con-

stant, varies in response to average sales AS. Investment, like consumption, 

also is ~inked to average sales AS in a positive feedback loop, ap shown in 

Figure 7. But the investment-sales loop does not necessarily .produce goal-seek:l.ng 

22viewed in discrete period terms, the incremental step of 20 in government pur
chases produces an initial incremental increase in sales of 20 and causes con
sumption to rise to 0.65* 1020 • 663. Now sales equals 1033 and consumption 
rises again to 0.65 * 103J = 671.45. Consumption continues to grow at a de
clining rate and approaches a new equilibrium, which is computed as follows: 

S • C +I+ G • 0.65S + 150 + 220 • 1057.13 

c. 0.65* 1057 •. 13. 687.12 

In the model, time to smooth sales TSS equals 2 (years), so consumption is 
within 5 percent of Hs nm~ equilibrium after 3 time constants, or six per
iods (years) • 
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behavior, since the gain (equal to 1.125 in the .adel23) can be greater than 1. 

The combination of the multiplier and the accelerator leads to new equilibrium 

values, 24 as well as· oscillatory behavior·. 

The period of oscillation is 27 years, considerably longer than the 3- to 

7-year period that characterizes short-term business. cycles. TI•e long period 

reflects mainly the influence of the 15-year average life of capital, which 

contributes considerable inertia to the processes of varying the capital stock 

over time. For example, once investment bas augmen'ted the stock of fixed 

23
Assuming MAS •. ~II • 1, investment I • D + DNI • ...!_ + DK- K • K + 

ALK • NTAK ALK 
NCOR•AS-K 

NTAK 
NCOR 2.25 
NTAK • -2- • 

Therefore, the gain around the loop shown in Figure 7 is 

1.125. Lower values of normal time to adjust capital NTAK 

increase the gain in the loop and, thereby, the instabil:l.ty of the system. 

2~The multiplier relationship determines the ultimate (equilibrium) change in 
output produced by a step in an exogenous component of aggregate spending 
(here government purchases G). The multiplier value for the entire system 
can be derived as follows: 

In equilibrium, 

Production P • Sales S • Average Sales AS 

Investment I • Discards D • Capital K I Average Life of Capital ALK 

Capital K • Desired Capital DK 

From the equations described in Section II, we obtain (in equilibrium) 1 

P • S • C + I + G 

• APC * S + DK/ ALK + G 

Therefore, 
• APC*S + NCOR•S/AL.!: + G 

(1 - APC - NCOR/ALK) * S • G 

-+ S • 1 - APC - \NCOR/ALK) * G 

The coefficient of G is the multiplier. With APC z 0.65, NCOR • 2.25, and 
ALK • 15, the multiplier equals 5. Since government spending G steps up from 
200 to 220 units per year, the new equilibrium value of sales S is S * 220 • 
llOO. The new equilibrium values for consumption and investment are 715 
( • 0.65 * 1100) and 165 ( = 2. 25 * 1100/ 15), respectively. 
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Figure 7. n1e accelerator loop 

capital, substantial time must pass befor~ an excess over the desired level 

can be eliminated. 25 

25 . 
Other responses to the 10-percent step in government spending, in which the 
n~rmal time to adjust capital NTAK and the time to smooth sales TSS are varied 
over wide ranges, still exhibit long periods of oscillation. The following 
chart reveals the period (in years) resulting from J different values for 
each of the two parameters. (When TSS a J, the system is highly damped: the 
values shown below are approximations on the short side derived from observ
ing the computer plots.) 

TSS 1 
+ 

2 

3 

NTAK + 

1 2 

65 24 

19 27 

·25 35 

3 

25 

38 

42 
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B. Con a a·r vat ion 0 f 

capital Inveataent 

and 

P r o d u c t i o n F 1 ow a 

By conserving the flow of capital goods and permitting the regular discar4 

of obsolete capital, the revised model exhibits a frequency that fat exceeds 

the period of short-term business cycles. However, inventory in the first 

simulation (Figure 5) has no impact on sales and is not constrained from going 

below zero. 26 The second simulation, therefore, introduces the effect of con-

servation in the production-distribution channel by activating the multiplier 

from (inventory) jlVailability on sales MAS. 

The addition of inventory has an important influence on the growth poten-

tial of the entire system. This influence can be seen best in terms of the 

positive loop portrayed in Figure 8. Whereas in the first simulation test, 

capital always adjusted to higher levels of desired capital over the normal 

time to adjust capital, inadequate inventory now prevents capital from adjust

ing to higher desired levels over the specified time. For example, a drop in 

inventory restrains investment, which causes capital to decline or prevents 

it from rising to a higher desired level. Restrained capital stock, in turn, 

holds back production, which prevents inventory from rising as fast as it 

otherwise might. The conservation of capital·investment takes on added sig-

nificance when linked in this positive loop to the conservation of production 

flows in inventory. 

26ror the run displayed in Figure 5, inventory INV equlltbrates at about -llO, 
an impossible result for a model designed to reflect real macro-economic 
behavior. 

tt ; tiC 4!. c;;..:r ·~ 
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Figure 8. A positive loop linking capital and inventory 

As shown in Figure 9, a step in government purchases produces an initial 

upswing in sales and investment, followed by a slow and steady decline over 

the 20-year simulation. The ne.gative loops between inventory and the sales 

components stabilize system behavior. The positf.ve loop from Figur.e 8 is 

responsible for the decline; that is, Investment I is insufficient.to replace 

depreciating capital, and both fixed capital and production drop away from 

their initial values. 

Although physical values no longer can fall below ·zero in this simulation, 

the results hardly offer an adequate portrayal of real macro-economic behavior, 

What the experiment shows, however, is that the multiplier and accelerator pro-

cesses, when combined in a closed, conserved-flow system, produce behavior that 

! 
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· Figure 9. Behavior of the basic model with inventory accumulation 

bears little resemblance to the short-term cycles generated by traditional 

business-cycle modela. 27 

Figure 9 revealed the. overdamped (non-oscillatory) behavior of the baste 

model. However, an inherent frequency of the system can be observed by stim-

ulating the structure with a random noise input, rather than with a step in 

government purchases. The structure· ae'lects and amplifies certain· frequency 

components of the incoming noise signat, 28 thereby exhibiting behavioral 

27only when both the normal time to adjust capital NTAK and the time to smooth 
sales TSS are reduced to below 1.1 years does production show one or more cy
cles in response to the step in government spendJng (still in an overall de
cline mode). In that case, the period of oscillation is reduced to roughly 
5 years. Under certain conditions, therefore, the conse~ved-flow version of 
the multiplier-accelerator interaction can generate short-term cycles. The 
short time constants required to produce this result, however, do not seem 
reasonable in light of the evidence about lags in investment and consumption 
activity. 

28For a discussion of the response of social system models to noise inputs, see 
Forrester (1961), Appendix F. 

J'l. 1 
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tendencies that were obscured in the earlier experiment. To perfora a test of 

this sort, production is subjected to (smoothed) random noise with a S-percent 

standard deviation. 

The most striking feature of the experiment, displayed in .. Figure 10, is 

the easily discernible long-term fluctuations in capital stock. Over the 80 

years of the run, the time between peaks ranges from 16 to 24 years and aver-

29 ages 19 years. In comparison with the first simulation, the conservation 

of production flows in an inventory level appears to damp overall behavior and 

shorten the system's natural frequency, But the periodicity still far exceeds 

the usual length of short-term business cycles and is tied, as before, to the 

management of fixed capital investment. 30 

c. T h e B a s i c M o d e 1 

w 1 t h a V a r i a b 1 e capita 1 -·output R a t 1 o 

So far, sn important assumption underlying the original Samuelson model 

has not been altered. That is, the model developed here has retained a con-

· s'tant capital-output ratio, thereby implying a Uxed relationship between 

capital and other factor inputs (for example, labor). The assumption of a 

constant ratio may be relaxed in several ways. 31 One simple way to represent 

29rhe short fluctuations in production P reflect the 1-year smoothing in noise 
in production NP and are not produced by the rest of the system structure. 

30The inherent frequency is characteristic of the 15- to 20-year Kuznets cycle 
in the rate of growth of capital, production, and other variables. Mass (1975, 
.!!E.• .£.!.!.) argues in more detail that the management of fixed capital investment 
underlies the so-called Kuznets cycle. He attributes short-term cycles to the 
management of inventories and labor, rather than to fixed capital investment. 

31 For example, production may be constrained when the economy approaches full em
ployment, thereby affecting the ratios of fixed capital to output and to labor • 
. The availability of labor to meet production needs is not treated in this paper 
but is an important avenue for future system dynamics rese<~rch into the dynamics 
of economic systems. 
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an independent, non-capital input is to retain the basic model but to allow 

production to vary in response to influences other than changes in fixed cap

ital. A more detailed approach is to add an explicit flow of workers who 

move, like capital, within a conserved-flow chann~l. The simulations that 

follow explore the implications of these two possibilities. 

In the first case, the capacity to expand or contract labbr independently 

of capital stock is implied by changing the multiplier from inventory on pro~ 

duction HIP (Equatlon 17). Previously, the table equaled 1 over all possible 

ranges of the ratio of inventory INV to desired inventory DINV. Now the func-

tion describes a negative slope 1 as shown in Figure 11. 

This new slope activates the negative feedback loop shown in Figure 12. 

The additional feedback implies that business firms can adjust labor more 

rapidly than capital; the accelerator no longer assumes the full burden of 

capacity adjustment. Declining inventory, for example, reveals growing demand 

and encourages firms to increase production, and thereby inventory, by using 

0: 
wz 1.20 ::Jo 
~> ~!;;;; I I tio: I.QO 
:::>0 ... l _L 
:Elzz -+- ~,.:, :-·- -l~ o::wO 0.75 o>i= r--u..~o 
w:Eg 
-'oo 
~a: a: 

f-- +-, ___ 
I 

a. 
Sl f--
1-

0 0.5 1.0 1.5 2.0 
INV INVENTORY 
ffiN\i- DESIRED INVENTORY 

Figure 11. Table for multtplier from inventory. on production 
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RELATIVE 

INV:~ 

DESIRED 
INVENTORY 

Figure 12. The inventory-production loop 

capital more intensively than usual. Whereas the normal capital-output ratio 

remains fixed at 2.25, the actual ratio of capital to production now can cje-

cline to a low of 1.69 (•0.75*2.25). 

With the added negative feedback between inventory and production, the 

system is not locked into slow decline, as was the case with the previous 

experiment. Figure 13 shows that the early gap in relative inventories, pro-

duced by the step in government purchases, still inhibits investment and the 

other sales components. While investment is restrained by inadequate inven-

tory, however, additional production is encouraged. Thus production initially' 

rises faster than capital and helps. to reduce the discrepancy between inventory 

and desired inventory. Investment, therefore, continues to rise and the accum-

ulntton of net fnv!',.tn••,nt in cnpital increases as well. 
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· Figure 13. Behavior of the basic model with inventory-production feedback 

After the initial expansion phase, the model variables slowly approach new 

equilibdum values. As was shown previously, the new equilibria for production 

and investment are 1100 and 165. Jlowever, after 40 years·, production has only 

closed 70 percent of the gap betw~en its initial and final values, thereby re

vealing the persistent constraint of relative inventories on fixed capital ac

cumufation. The long duration of adjustment suggests that equilibrium analysis 

oJ the system, which yields the end result of a step in govenm1ent purchases, 

tells only a small part of the story. Disequilibrium analysis, on the other 

b'and, focuses on 

ti•e· 32 . 
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the process ~f change which can persist for a very long 

Figure 14 compares production Pin six. different simulations of the 

basic model with productlon P from the previous base run. The purpose of 

this ex~rcise is to reveal the relative insensitivity of model behavior to 
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Figure 14. Comparative plots of production from the basic model with changes 
in two parameters, normal time to adjust capital NTAK and ti;,.c to smooth sales TSS 

321n another test not shown here, the model used to produce Figure 14 was sub
jected to random noise in production (SDNP • 0.05). Despite the ovcrdamped 
response of the syslcm to a step input, the noise run r•Jvealecl long-term 
oscillat tons in capital stock. The periodicity of f L· :•tiona ranged be-
tween 15 and 25 years, thereby closely resembling the ;e run of the basic 
model that contained a fixed capital-output ratio (se•' ~ure 10). 

··~ 
II 
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-changes in the two ~arametera, normal ti.e to adjust capital NTAK and tiae 

to smooth sales TSS. Varying either parameter value over a range of O.S to 

4 (Plots 1-4) has no significant impact on the model's behavior, although 

shorter adjustment times permit a more rapid approach to the final equilib-

rium value. Even cutting both parameters together by 50 percent (Run 5) 

fails to produce an oversho<>t in production along the adjustment path. In 

fact, one must reduce both constants to one-fourth of tlieir original values 

in order to generate sustained cycles (Run 6). The period of these cycles, 

about 5 years, is indeed characteristic of the observed short-term business 

~ycle. However, with this version of the multiplier-accelerator model, the 

parameter values required to produce the short period are implausibly short. 

D. 

w i t h 

An Extended 

Explicit La b·o r F 1 ow s 

The variable capt"tal-output ratio discussed in the preceding section im-

plied that labor could be adjusted independently of capital. TI1e adjustment, 

however, was instantaneous and ignored the conservation of labor flows as 

people move through different employment categories. The final simulation 

test, therefore, adds an explicit labor input to the production process. 

The hiring of labor, like the initiation of production, can be augmente~ ~ten 

inventories are low or reduced when inventories are excessive. The added 

structure extends the multiplier-accelerator model beyond the usual analysis 

and begins to explore the relative impacts of labor versus capital management 

on disequilibrium behavior. 

In the- nxt<'tl<l<·d ":·r~ lt>n, the multiplier from inventory on production MIP 

has b~c·n dn>ppc·d, -::-: ·H!V•.·r<ll new equations have been added. Figure 15 
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33 
exhibits a.flow .chart for the additional structure. 

In the extended version of the model, a Cobb-Douglas production function 

generates the flow of production P.34 Instead of varying in proportion to 

capital K, production P now depends on both labor L and capital K. The new 

Equation 15 takes the form: 
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Figure 15. Extension to the basic system dynamics version 
of the multiplier~accelerator model 

33nte equation numbers refer to the new program, R}~2.DYNAMO, shown in the Ap
pendix. Inventory is defined as before, but appears in the figure in order 
to comp.lete the labor-inventory loop. 

34nte Cobb-Douglas function exhibits constant returns to scale and diminishing 
marginal return" tn •'·1<"11 factor unit. A commonly-used formulation, the Cobb-
Dou;;l<w fuu.·t ;,.., d,,;crtbcd elsewhere ln detail. (See, for example, J. M. 
ll(•nd,·r~"'' <P .~ ~:1 :rh!t, Nicroeconomtc Thcww:I_: ! Mathematieal Approach 
(New York: Hct;raw-11111, 1971), pp. 80-89.) 
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where a • NC~R and a • 0.6s. 35 The assumption that labor Land capital K have 

the same numerical value at the initial equilibrium permits a simple equivalent 

of a in terms of NCOR. The noise term (NP) appears for testing purposes. 

PoKL=(1/NCOR>*K•K*EXP<.65*LOGN<L,K/K.K>>*Nf'oK 15• R 
P PRODUCTION <OUTPUT UNITS/YEAR> 
NCOR - NORMAL CAPITAL-OUTPUT RATIO <CAPITAL UNITS/ 

OUTPUT UNIT/YEAR> 
K - CAPITAL <CAPITAL UNITS) 
L - LABOR <LABOR UNITS> 
NP - NOISE IN I"RO[IUCTION (DIMENSIONLESS) 

Labor L, like capital K, is expressed in Equation 17 as a level variable. 

L.K=L.J+DT*<AL.JK-RL.JK> 
LetiL 
IL=2250 

L 
AL 
RL 
IL 

- LADOR <LABOR UNITS) 
- ADDITIONS TO LABOR <LABOR UNITS/YEAR> 
- REIIUCTION IN LABOR <LABOR UNITS/YEAR> 
- INITIAL LAicOR (LABOR UNITS) 

17• L 
17o1o N 
17.2· c 

Additions to labor AL appears in Equation 18 as labor L divided by the 

average life of labor ALL, multiplied by the influence of relative inventories. 

The term in parentheses represents the hiring rate required to replace normal 

labor turnover. Whereas the normal turnover. of capital .(expressed in the averaea 

life of capital ALK) is 15 years, the average life of labor ALL is only 2 yeara~6 

35
rhe use of the EXP and LOGN operators in DYNAMO expresses the function 

p m a•K•e0.6S ln(L/K) • 

The exponential term is of the form y • xb. Taking the natural logarithm of 
each side gives 

lny•blnx 
or 

y • eln y • eb ln X 

36two Y•'nrs l~ r"" :hI •: the average turnover in manufacturinG over recent years, 
indud in~ both ·,. · •· · , ry au.! involuntary quits, as shown in the Statist leal 
AI>•Hraet (1974}, ,, • .i't4. 
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AL.KLc(L.K/ALL>*HIH.K 19• R 
' AL - ADDITIONS TO LABOR <LABOR UNITS/YEAR> 

L - LABOR <LABOR UNITS> 
ALL - AVERAGE LIFE OF LABOR <YEARS) 
HIH - HUL TIPLIER FROH INVENTORY ON lURING 

(DIMENSIONLESS) 

·Equation 19 expresses the reduction in labor RL as a two-year .exponential 

delay of additions to labor AL. That is, the average unit of labor remains 

employed for two years. 

RL,KL=L,K/ALL 19• R 
ALL=2 19.1• C 

RL - REDUCTION IN LABOR <LABOR UNITS/YEAR) 
L - LAicOR <LABOR UNITS) 
ALL - AVERAGE LIFE OF LABOR <YEARS) 

The final equation in the extended model is the multiplier from inventory 

on hiring MIH, which appears in Equation 20 as a table function of the ratio 

of actual to desired inventory. 37 When inventory exceeds the desired level, 

the multiplier suppresses hiring and, thereby, reduces the labor input to 

production. Inadequate inventories reflect tight market conditions and en-

courage firms to expand production by hiring additional labor. At the ex-

tremes, the hiring rate can be expanded by 20 percPrct over the replacement 

amount or can be reduced by as much as 25 percent. 

HIH.K•TABHL<THIH•INV.K/DINV.K•0•2•,5> 20• A 
THIH=1.2/1,15/1/,B5/o75 20.1• T 

HIH - HULTif'liER FROM INVENTORY ON HIRING 
([I I HENS IONLESS) 

THIH - TAblE FOR MULTIPLIER FROH INVENTORY ON 
UIRING 

INV - HIVENTORY <OUTrUT 'UNITS) 
DINV - IIESIREII INVENTORY (OUTPUT UNITS> 

37The table function (TMTII) displays the same values with respect to the ratio 
INV/DINV as the table for multiplier from inventory on production TMIP, shown 
in Figure 11. 

EM!J M. lMWk# 12_5 .iP W'l . t&. . .~4 ~--
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Figure 16 reflects a noise input to the extended .adel version. Coaparina 

the behavior of production, labor, and capital reveals an impor~ant implication 

of adding conserved labor flows to the basic mod~l. Production, which reflects 

the combination of capital and labor as well sa the noise in production, exhib-

ita 2- to 3-year oscillations with a few noticeable swings of longer duration. 

The short oscillations reflect the· one-year smoothing in the random noise input 

rather than structural components of the model itself. Labor displays oscilla-

tiona of a longer periodicity, ranging generally between 3 and 7 years and 

averaging 5 years. Capital moves over a considerably longer cycle, with a 

period of between 15 and 22 years. 

The period of oscillations in the pool of employ~d labor reflects the 

2-year average lifetime of labor. Like fixed capital, labor accumulates in 

a level of employed people which can be adjusted in response to changing mar-

.k~t conditions only over t~ome appreciable period of time. Companies are sel

dom disposed to hiring and firing labor overnight, especially if social, legal, 

or union bargaining pressures impose penalties on too rapid an adjustment. On 

the other hand, labor can be adjusted, at least in the United States, far more 

rapidly than capital, whose average lifetime in the model is 15 years. There,:;-

'fore, when market conditions change, as signalled by variations in relative 

inventory levels, firms rely mainly on adjustments in labor to manage produc-

tion and inventories over the short term. 

With the inclusion of an explicit level of labor, the revised multiplier-

accelerator model now appears to select two distinct frequencies from the ran-

dam noise input. The shorter of tl)e two inherent frequencies, with an average 

period of about 5 years, reflects the economy's capacity to adjust labor and 

inventories fairly quickly. The relatively long period of fluctuations in 

·. 

•• 
.-:o

·o~o• 
"OR.? I! 

I' •ov,:; 

- 376-

•nu, '0'16 
•o•~.: ·o~~,: 
'Otri"i' 'O)'t:,~ 

- - - - - .... "vtt 

..• '04' 

-·uv 

- - -·oo~ 

-•or. 

- - ... •u.: 

.. - -"01 

..... :.:.: 

Figure lG. Behavior of the extended model (i"cluding labor) 
with noise in production 
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productive capital, on the other hand, reveals considerably greater tne~tia in 

the stock of fixed capital. 

By focusing on the response of investment· t~ changes !n business activity, 

the usual multiplier-accelerator models claim that the management of fixed cap-

ita! underlies short-term business cycles. However, the extended system dynam

ics model described in this section suggestll that labor and inventory management 

can produce short-term cycles independently of the long-term fluctuations 

observed in fixed capita1. 38 

By introducing the principle of conservation and gradually increasing 

model .realism, the work described in this paper provides theoretical evidence 

for divorcing short-term·cycles from the interaction of the multiplier and 

accelerator. Application of the systems approach to economic analysis· is 

continuing39 and, eventually, may lead to greater understanding of the bust-

ness cycle and other economic processes, 

38 . 
The work presented here leads to conclusions that are·consistent with those 
of Mass(~. cit., 1975), and may serve as an introduction to his more de
tailed analysis. 

39A large-scale prnj. •·t Is curr<mtly underway at HIT to apply the concepts of 
systt'm c.lvn;l'ni,~...: ':t·•·· .1 in!! to ·m:u~roeconomic analysis. See J. W. Forrester. 
N. J. :tub, ,,.,.J .:. I. r:yan, "The System Dynamics Natlonat·Model: Understand
Socio-Economic Behavior and Policy Alternatives" (System Dynamics Group Work
ing Paper D-2248-3, 1976). 
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APPENDIX A. EQUATION LISTING FOR THE REVISED MULTIPLIER-ACCELERATOR MODEL 

RHAl.DYNAHO 
00001 * RHAl (9/2/76) 
00010 A S,K=C.JK+I,JK+GoJK 
00020 R C.KL=IC,KtMAS.K 
00030 A IC,K=APC*AS.K 
00031 C t.F'C=, 65 
00040 L AS,K=AS.Jt<DT/TSS)(S,J-AS,J) 
00041 N AS=lOOO 
00042 C TSS=2 
00050 A MAS.K•TABHLCTMASriNV,K/DINV.KrOrlo5ro25) 
00051 T TMAS=0/,4/,7/,9/1/1,08/1,12 
00060 L INV.K=INV,J+DT*<P,JK-C,JK-I,JK-OoJK) 
00061 N INV=DINV 
00070 A DINU.K=CF*AS,K 
00071 C CF=, 3 
OOOBO R I.KL=CDNI.K+K,K/ALK)*HI.K*HAS,K 
00090 A DNJ,K=<DK,K-K,K)/NTAK 
00091 C NTAK=2 
00100 A DK.K~AS,K*NCOR 
00101 C NCOR=2.25 . 
00110 L 1'\,K,<I\,JIDT*CI,JK-D,JK) 

·00111 N K=IK 
00112 C It\=2250 
00120 R D.KL=K.K/ALK 
00121 C Al.K=15 
00130 A MI.K•TADHL<THirDNI,K/(K,K/ALK>•-1•0•,25) 
00131 T TMI=0/,6/,9/1/1 
00140 R G.KL.=<IGtSTEP<SGrTSG))*HAS,K 
00141 C IG=200 
00142 C SG==20 
00143 C TSG=1 
00150 R P.KL=<K.K/NCOR>*MIP.K*NP,K 
00160 L Nf' .K=NP, Jt ([IT /TSNf') CNORHRNC 1, SDNP>-Nf' ,J) 
00161 N NP=1 
00162 C TSNP=1 
00163 C SDNf'=O 
00170 A Hif',K•TADHL<TMIPriNV,K/DINV,KrOr2••5> 
00171 T TMIP=l/1/1/1/1 
00172 SPEC LENGTH=60/f'L Tf'ER=1, 5/DT=, 0625/SAVF.'ER=O 
00173 f'LOT S/C/1/K/DNI 

tt.ti#f .£- z( .;', .. ; 
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APPENDIX B. EQUATION LISTING FOR TilE EXTENDED VERSION (INCLUDING LABOR) OF THE 
MULTIPLIER-ACCELERATOR MODEL 

RHA2oDYNAHO 
00001 * RHA2 (9/2/76) 
00002 NOTE 
00003 NOTE RHA2 IS RHA1 WITH ADDITION or LABOR AS A LEVEL THAT 
00004 NOTE -- ENTERS A COBB-IIOUGLAS PROIIIJCTJON FmiCTION AND WHOSE 
00005 NOTE -- HIRING IS AFFECTED BY REL~TIVE INV~NTORIESo 
00006 NOTE 
00010 A S.K=C,JK+I.JKfG,JK 
00020 R C.KL•IC,K*HAS.K 
00030 A IC.K=APC*AS,K 
00031 C APC=,65 
00040 L AS,K•AS,JtCDT/TSS)CS,J-AS,J) 
00041 N AS=1000 
00042 C TSS•2. 
00050 A HAS.K=TADLECTHASoiNV,K/DINV,K•0•1•~••25) 
00051 T TMAS=0/,4/,7/.9/1/1,08/1,12 
00060 L INV.K=INV,Jtlll*CP,JK-C,JK-I,JK-O,JK) 
00061 N INV=DINV 
00070 A DINV.K=CF*AS,K 
00071 C CF=o3 
00080 R I.KL•<DNI.KtK.K/ALK>*HI.K*HASoK 
00090 A DNI.K=<DK,K-K,K)/NTAK 
00091 C NTAK=2 
00100 A DK.K=AS,K*NCOR 
00101 C NCOR=2,25 
00110 L K.K=K,J+DT*<I,JK-D,JK) 
00111 N K=II\ 
00112 C IK•2250 
00120 R D.KL=K,KlALK 
00121 C ALK=15 
00130 A MI.K•TADHL<THioDNioK/CK.K/ALK),-1,0ro2~) 
00131 T TMI=0/,4/•7/,9/1 
00140 R G.KL=<IG.STEP<SGrTSG))*HAS;K 
00141 c 10=200 
00142 C SG=O 
00143 C TSO=l 
00150 R P.KL=C1/NCOR>*K•K*EXPC,65*LOONCL,K/K,K))tNPoK 
00160 L NP,K=NP,Jt<DT/TSNP><NORHRNC1rSDNP>-NP,J) 
00161 N NP~l 
00162 C TSNP=l 
00163 C SDtW=O 
00170 l L.K=l·~·DT*<AL,JK-RL,JK) 
00171 N L=Il 
00172 C IL=2250 
00180 R M .• KL=<L.I\/.ALU*HIH.K 
00190 R RL,KL=L,K/ALL 
00191 C Al.L=2 
00200 1\ MTII.t:·.·To'.':il' CTt1IIlrTNV.K/DINV,KrO·r2r.5) 
Oii2<iJ 1 111111··: .. , .1:,,..1, .a!.'ilo75 
0•'\:~Cr:! !:1·rT I 1 'I" I 'l'Pf.:f~"', ~.i/DT= ,0625 
00203 PLOT SrP/INVrDINV/KrDK/HASrHI/C/1 
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APPENDIX C •. SPECIFICATIONS FOR MODEL SIMULATIONS 

RUN 1 (FIGURE 5) 
. PLOT S/C/1/K/DNI 
T THAS•1/1/1/l/1/1/l 

RUN 2 (FIGURE 9) 
PLOT INV,DINV/S/K,DK/1 
C LENGTII=20 
C PLTPER=.5 

RUN 3 (FIGURE 10) 
PLOT P(940,1020)/K(2154,2282) 
C LENGTH=80 
C PLTPER•l 
C SONP•.05 

.RUN 4 (FIGURE 13) 
PLOT P/INV,DINV/I/K 
C LENGTH=40 
C PLTPER=l 
T TMIP=l.2/1.15/l/.85/.75 

RUNS 5-10 (COMPARATIVE PLOTS IN FIGURE 14) 
CP LENGTII=40 
CP PLTPER=O 
CP SAVPER=l 
TP TMIP=l.2/1.15/l/.85/.75 
RUN RUNO 
C TAK=.5 
RUN RUN! 
C TAK=4 
RUN RUN2 
C TSS=.5 
RUN RUN3 
C TSS=4 
RUN RUN4 
TAK=l 
TSS•l 
RUN RUNS 
C TAK=.5 
C TSS=.5 
RUN RUN6 
PLOT P.RUNO,P.RUNl,P.RUN2,P,RUN3,P.RUN4,P.RUN5/P.RUN6(800,2200) 
C PLTPER=l 
C SAVPER=O 

RUN 11 (FIGURE 16) 
PLOT L/K/P 
C LENGTH=80 
C PLTPER=l 
C SDNP=.05 


