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Abstract

This paper elaborates the notion of viable quasi-periodic motion bounded in the phase
spacethat generalizes dationary growth and stationary cyclicd growth. This elaboration
has been supported by the smulation experiments, based on the origina hypotheticd
law (HL) of capital acaumulation, and by statisticd data. The long wave is exposed not
as long-term fluctuations around an equilibrium trend but as a quasi-periodic non-
equili brium trend and stochastic atrador. This presentation differs esentialy from the
neo-classcd view on ecnomic growth as a @nvergence towards equilibrium. The
fundamental equation of neo-classcd growth is a spedal case of the more genera
dynamic regularity, presented as a dired consequence of the HL.

The gplication of the HL with exogenous growth of labor force to the U.S. economy
has sown that the moderation of the seaular tendency of the average profit rate to fall is
conditioned by the society’'s grategy to invest in ratural capital.

Key words. cgpital acawmulation, sustainable development, Kalman filtering, stochastic
attradtor

... the threat to corporations, and indeed to ather human institutions,
arises from the posshility of social and econamic breakdown. The internal
threat is much more serious thanexerna milit ary threat.

Jay W. Forrester*

Introduction

Almost al of the empiricd work on ecmnomic growth takes placein a neo—classcd
framework. “...the literature is esentialy concerned with trying to identify empiricdly
the ex post contributions of a range of fadors to the observed rate of growth. In this
view of the world, the role of profits in capitalism is effedively non—existent” (Ormerod
1996 2). There is a growing dsstisfadion with these enormous intelledua efforts
expended with a very few clea conclusions.

The book (Ryzhenkov 200Qa) and subsequent papers (Ryzhenkov 200(, 2001, 2002
have defined and refined the hypothetical law of advancing capitalism (HL) as a system
of norHinea ordinary differential equations. The state variables are the relative wage,

! Forrester 1993 1-6.14-1-6.15.



employment ratio, unit grossrent, man-made caital—output ratio, natural cagpital—output
ratio, indicated natural cgpital—output ratio and unit depredation of the natural capital.
The HL, presented as a system dynamics model in the intensive form, refleds the
dialedicd interadion between factors that tend to lower the average rate of profit and
those that counterad this tendency. Conversion of profit into cgpital and sustained
expansion for a number of yeas eventually results in a tight labor market, rising red
wages, and an accderation of capital-abor subgtitution. As this processtends to raise
the caitalHabor ratio, it also tends to lower the average rate of profit. When this
tendency outweighs the munterading tendencies, a recesson follows the expansion.
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Figure 1 The average profit rate in the USA, 19482001

After the Second World War, the American economy passed peeks of the Kondratiev
cycles twice 19661969 19972000 (Figure 1).> The HL explains not only the long-
term quasi-periodic fluctuations of the average profit rate. It sheds light on a seaular
tendency of the average profit rate to fall that has been typicd for the U.S. economy at
least from the middle 1960-s (Ryzhenkov 20023, 2002).

In this original model, knowledge generates economic growth through technologicd
progress including credaive innovation favorable for employment. An induced
technologicd progress can fadlitate together the employment ratio, profitability of both
man-made and natural capital if the requirements outlined are satisfied.

The present downturn in the long wave is not only a regularly reaurrent phase of the
long wave. Its additional pains are charaderistic of childbirth of the natural capitalism.
The ‘old’ industrial cepitalism is experiencing a diadledicad negation, or credive

2 SeeRyzhenkov 2002.



destruction. The system dynamics approach could be helpful for shortening and
lessening disorder and distressof this major global transformation.®

The HL has been tested againgt fads and has undergone numerous laboratory
experiments. The nonHinea  feedbadk relationships, measurement errors violate the
maintained hypotheses of most single—equation econometric techniques. However, the
Powell hill climbing algorithm and Kaman filtering offer a promising approac to
formal estimation of the HL (Ryzhenkov 2001, 20023). The simulation software
VENSIM developed by Ventana Systems, Inc. alows applying these techniques.

On the one hand, this paper shows that both the neo-classcd theory and post-marxian
theory, exposed below, agreeon a fundamental positive role of a rate of growth of labor
force for an economic growth rate and average profit rate. On the other hand, this paper
reveds advantage of a post-marxian disequilibrium approach to the modern capitalist
eaonomy over the eguili brium approach of the neo-classcd schoal.

The HL, espedally in its probabilistic form, enables, in particular, to generalize the
fundamental equation of neoclasscd emnomic growth and to demonstrate that fragile
stationary emnomic growth is not pradicdly feasible or redizable, unlike the neo-
classcd contention.

The given formulation of the HL is not final. It requires further refinement. One of the
HL assuumptions postulates that the labor forceis constant or changes exponentially over
time. This paper reports on procedures required for substituting this assumption by a
hypothesis provided by the Bureau of Labor Statistics of the U.S. Department of Labor.
This aibstitution and computer smulations help to redefine the previous
recoommendations on reslient investment policies for adieving strongly sustainable
development in the USA in the XX century given in the previous papers (Ryzhenkov
2001, 2002, 2002). This paper demonstrates, in particular, that newly suggested
policies enable to contain quasi-periodic dynamics in necessary bounds thus preventing
the potential classconflicts over distribution of income from escdating.

1 Generalizing the fundamental equation of neo-classcal economic growth

The fundamental equation d neo-classcal econamic growth (FENEG) corresponds to
the equation (6) of Solow's paper (1956). Explicitly acounting for unemployment,
resource rent and natural cagpital enables to generalize this equation in the hypaothetical
law (HL).

1.1 An exogenous labor forcegrowth in Solow's model

The Solow (1956 paper starts with pointing out that in the Harrod — Domar model
(HDM) even for the long run the eomnomic system is at best on a knife-edge of
equili brium growth. Were the magnitudes of key parameters — the saving ratio, the
cgpital—output ratio, the rate of increase of labor force — to dip ever so dightly from
dea center, the mnsequence would be ather growing unemployment or prolonged
inflation.

3 “Because it [natural capitalism] is both necessry and profitable, it will subsume
traditional industrialism within a new economy and new paradigm of production, just as
industrialism previously subsumed agrarianism” (Lovins et al. 1999 158).



The paper argues that this fundamental opposition of warranted and natural rates turns
out in the end to follow from the aiticd assumption that production takes placeunder
conditions of fixed proportions. There is no possbility of substituting labor for capital
in production in the HDM. If this assumption is abandoned, the knife—edge notion of
unstable balance seansto go withiit.

A closed economy produces net output designated by P. Part of it is consumed and the
rest, gP, is saved and invested without material delay. The national stock of capital K
takes the form of the composite coommodity. Net investment and the rate of increase of
this capital stock are identicd (1.1). Here and below time derivatives are denoted by a
dot, while ahat indicates growth rates. Two fadors of production, fixed capital and
|abor, are used.

K=gP (L.1)

Agoregate savings are independent of the functional distribution of income between
wages and profits; savings are smoothly transformed into investment via an appropriate
interest rate, quite independently of the going profit rate. The rate of labor input is L.
Tedhnologicd posshilities are represented by a production function (1.2). It shows
constant returns to scde (homogeneity of first degree.

P=F(K,L). (1.2)
Inserting (1.2) in (1.1) we get
K =gF(K,L). (2.3)

It is assumed (1.4) that the labor forceincreases at a mnstant relative rate n as a result
of exogenous population growth.

L(t) = Le™. (1.4)

Full employment of labor and capital is perpetualy maintained in this model.
Therefore, it is possble to insert (1.4) in (1.3) to get

K =qF(K,L,e"). (1.5)

OF (K, L) _

The marginal productivity equation determines the wage rate w. A

complete set includes the latter equation together with (1.3) and (1.4). A similar
marginal productivity equation for capital determines the red rental per unit of time for
the services of cgpital stock. Acoording to Solow, once we know the time path of capital
stock and that of labor force, we can compute from production function the
corresponding time path of red outpui.

1.2 A derivation of the fundamental equation of neo—classcal growth

A new variable (cgpital-abor ratio, or cgpital intensity) isintroduced r = K/L. Hence K
=rL =rLoe™. After differentiating with resped to time and substituting in (1.5), we get



K =L,e"(f +nr) = gF(K,L,e").

Due to constant returns to scde, it is possble to divide both variablesin F by L = Loe™
if F is multiplied by the same fador. Thus

K
e"(f +nr)=qL,e"F 1.
Lee™(r+nr) =ql, (Loent )
Dividing out the common fador, we arive finaly at
r=gF(r,)—nr. (1.6)

The differential equation (1.6) involves the caitalHabor ratio alone. The subsequent
literature (Jones 1976 75) considers (1.6) as the fundamental equation of neo—classc
eaonomic growth (FENEG).

The rate of change of the capitalHabor ratio, r, is determined by the difference
between the anount of saving (and investment) per worker and the anount required to
keep the caital-abor ratio constant as the labor force grows. When ¥ =0, the caita—
labor ratio is a mnstant, and the caital must be expanded at the same rate & the labor
force namely n.

With congtant returns to scde, marginal productivities depend only on the caital—
output ratio r, and not on any scde quantities. The facdor markets in the Solow model
work perfedly since the wage rate and profit adjust smoothly and instantaneoudy to
changing circumstances. The rate of profit, being a refledion of how scarce caital in
relation to the labor force, is not important factor for the growth rate in this model.

1.3 A stationary state for neutral technological change and the Cobb—Douglas
production function

Let a production function is the Cobb-Douglas function, while neutral technologicd
change isrefleded as an exponential growth fador. Then we dter (1.2) to get:
P= eKILP,

wherey>0,0<a <1, 3 =1-a. The spedal property of the Cobb-Douglas function is
that the relative share of labor is constant at 1 —a.

A growth rate of a net national product is P=y+aK +(1-a)L =y+aqg/s+(1-o)n.
The higher a growth rate of the labor force (n), the faster is the e@nomic growth. In the
long run, the caital stock increases at the relative rate n + y/3 compared with n in the
case of no technicd change. The eventual rate of increase of red output is not n + ay/f3,
as given in the original text (Solow 1956 85), but n + y/. Consequently the capital
coefficient grows eventualy at rate n + y/B — (n + y/B) = 0. The rate of growth,
warranted by the gpropriate return to cepital, asymptoticdly equals the natura rate,
unlike the mnclusion in the paper (Solow 1956 86).

The moddl has a unique nornrivial stationary state that is globally asymptoticdly
stable. For this gate, the magnitudes of main variables are determined:



the capital-output ratio s, = Ty
+n

1-a

the profit rate, or real rental = a
Seq q
the growth rate If>eq =0/ Seq = 1 Y 4n (not n+ ay/B, as dated in (Solow, 1956 85)).
-a
The stationary growth rates of the wage rate, capital intensity, labor productivity, are
c e —a o ¢ - 9Rq 0" Keq'Leq © ___ e _ Y
weq-req-aeq-Keq—Leq-K - Keq —n—reql_a—n—l_a,

eq
respedively.
Findly, the dationary cegpital intensty is determined as =

eq

(qe" /(n+y/(L— o))",

All these relationships include the growth rate of labor force (n). In a stationary state,
the higher this growth rate, the lower the caital—output ratio and capital intensity, the
higher the red rental, the faster economic growth. We seethat the rate of growth of the
labor force plays a fundamental role in this model.

The literature on endogenous growth of labor force goes badk to Th. R. Malthus, A.
Smith, D. Ricardo.* These outstanding thinkers gressd unanimously the e®nomic
importance of growth in the supdy of labor, but they disagreed about an existence of a
particular relationship and/or about the strength of a relationship. Still a @mmon
property of their theories is consideration of the rate of labor force growth as an
increasing function of red wage.

In an upgaded neo—classcd model, the red wage (w) is itself an increasing function
of capital intensity (r). The rate of growth of labor force is now n(r). A further
hypothesis gipulates that there is a higher red wage, occurring at a higher cepital
intensity rq, such that n(r) is deaeasing for r > ry, and may fall to zero and even beyond
due to the demographic transition (Solow 1999 657-658).°

1.4 A generalisation of the FENEG

A paper (Ryzhenkov 200() has offered the following generalization. Solow's
asumptions are preserved with important exceptions. the asence of technicd change,
the mnstant returns to scde, instantaneous adjustment of the red wage ad cleaing of
the labor market, simple reproduction are neither  required nor prohibited.

Transformations come next from the identity K/L =K - L and (1.1)

* See areview Zeit der Oelonamen in ZEIT-Punkte, Nr. 3/1993 New growth theory
makes population growth one of its hallmarks (see Barro and Sala-1-Martin (1999 for
references).

> The work World Dynamics by J. W. Forrester offered a more sophisticated explanation
of the growth rate of population and hence of labor force taking into ac@unt not only
material standard of living and food per capita, but crowding and pollution. See
Forrester 1971



K/L=K(K/L)-L(K/L)
= K/L-L(K/L)
= gP/L-L(K/L).
Let labor productivity a = P/L. We have finaly
r=ga- Lr. 1.7
This equation is the generalization looked for. In particular, the FENEG (1.6) is valid
for L=n,a= F(r,1). Another spedfic form of (1.7) is presented below.
The most important empiricd faa fasifying the general equilibrium theory is the

fallure of labor market to clea over long periods of time (Arrow 1994). This faa finds
explanation in an aternative theory presented in this paper.

2 Theoriginal model of sustainable development

The necessty of linking both components — growth and long waves — empiricdly as
well theoreticdly is as an important topic. The origina system dynamics model of
cyclicd growth includes the stocks and flows, multiple nonrHinea feedbadk processes,
and other elements of dynamic complexity. This model refleds the impad of economic
adivities upon ratural environmental conditions. These @nditions, in their turn,
influence the growth rates of labor productivity and capital intensity. Policies, based on
a perception of resource scarcity and pollution levels, are dso refleded.

2.1 The model assumptions

A capitaist emnomy is redricted by natural resources. Produced cepital is an
embodiment of knowledge and, smilarly, natural cepital is a stock of information.
Some @nversion fadors are needed for aggregating information content of different
congtituents. Fixed assets, labor and natural assts are essentialy complementary to
ead other and are dso substitutes to some degreedepending on relative price danges.

The other most important premises are such:
(1) two socia classes (capitalists and workers); the State enforces the property rights,
yet the st of such an enforcement is not treaed explicitly;
(2) threefadors of production — labor force, man—made fixed capital, natural capital
— are homogenous and non—spedfic;
(3) only one aygregated good is produced for consumption, investment and circulation,
its priceisidenticdly one;
(4) production (suppy) equals effedtive demand;
(5) productive cgadties can be partialy idle;
(6) al wages consumed, the resourcerent and apart of profits saved and invested;
(7) steady growth in the labor forcethat is necessarily not fully employed;
(8 agrowth rate of aunit red wage risesin the neighborhood of full employment;
(9) a dange in capital intensity and technicd progressare not separable due to a flow
of invention and innovation over time;
(10) aqualification of the labor force mrresponds to technologicd requirements.

The product—money identity and the suppdy—demand equivalence stated in the third
and fourth assumptions do not contradict the two—fold charader of labor embodied in
commodities. This model mirrors the twofold nature of labor power, the unity and



contradiction of its value and use-vaue. The aedive functions of labor market as an
instrument for transmitting impulses to economic change ae the focd point.

The model does not describe the formation of red income of the unemployed persons.
It is assumed that a part of wages and salaries covers indiredly the needs of the
unemployed. The latter do not play an adive role in the model eanomy. Social seaurity
contributions and benefits are not shown unambiguously.

The model assumes supremacy of production over final demand. This assumption
abstrads from the relative independence of final demand. It is more accetable for the
long run as for the short—run: although in the shorter run aggregate demand influences
output, in the very long run output dominates over demand. Capital adapts the output to
the scde of production.

The model abstrads from over—production of commodities inherent in over—
production of cgpital during certain phases of industrial cycles. The aumption (6)
smplifies definitions of the investment, saving and profit rates. It may be akey to
explanation of the fad that the rate of profit on capital of order of 12 or 15 per cent per
annum is compatible with a rate of economic growth of two or three ad half per cent
per annum.

The asamption (5) refleds the existence of excessve productive cgadties. It is
important for interpreting an equation for arate of change of labor productivity (below).
The aaumption (7) means that the labor force grows exponentialy over time. This
assumption is to be substituted by a more redistic hypothesis below. The asumption
(6) corresponds to the immediate am of profit—oriented capitalist production.

2.2 The gquations of the original model

The model is formulated in continuous time. Time derivatives are denoted by a dot,
while growth rates will be indicated by a hat. This model consists of the following
equations:

P=KI/s (2.1
a="PIL, (2.2
u=wa; (2.3)
a=m, + myK7L) + my(9)+ mF/ L, (2.4)
W(9)= IGN(9)ABS(9)"j,m=0,12m,>0,m=0,1>m=>0,1>j>0;

(K7 L) = ng+ nou + ng(v — V) + ns(Z/P), (2.5)
=0 n=0 ns=0, 1>v.,>0;

v=L/N; (2.6)
N =NyeM, n=const>0, N,>0; (2.7)
W=—g+rv+b(K/L)+qgF/L, g=0,r>0; (2.8)
P=C+K+Y=wL+(1-KM+ K+Y, (2.9)
F=Y-Z (2.10)
Z=¢eP, O<e<]; (2.11
y=Y/P=0; (2.12)

X =i; (2.13



f=F/P; (2.14)

c=XP; (2.15
e =P(g/e-1), exe >0; (2.16)
K =kM=K(1-wa)P-Y] =kK(1-uP-VY], 0<k<1; (2.17)

y=(o(c-f)+o,f)y. (218

Equation (2.1) postulates a technicd relation between the caital stock (K) and net
output (P). The variable s is cdled cgpital—output ratio. Equation (2.2) relates labor
productivity (a), net output (P) and labor input or employment (L). Equation (2.3)
describes the shares of labor in net output (u).

Equation (2.4) is an extended technicd progress function. It includes. the rate of
change of produced cepital intensity, K/L, the dired scde dfed, my/(9), and the rate

of change of natural capital intensity, F/L. ABS(X) is absolute value of x that is non-
negative, Xj is x raised to the j—th power, SGN(X) isasign of x. The parameter | will
be randomized in the univariate sensitivity analysis below.

Equation (2.6) outlines the rate of employment (v) as aresult of the buying and selling
of labor—power. Labor force grows exponentialy in (2.7). In the equation (2.8), the rate
of change of the wage rate (w) depends on the employment rate (v), as in the usua
Philli ps relation, and on the rates of change of cepital intensity (K/L) and (F/L),
additionally. The caital intensity (K/L) is a proxy for qualification.

In the equation (2.9), the sum of net export, final private and public consumption is C
= P[u + (1- K)(1= u —y)]. The net formation of produced fixed capital is K= kM. The
gross acaimulation of natural assets Y equals the gross resource rent in monetary (or
information value) terms.  Equations (2.9) and (2.17) show that profit (M = (1- u —
y)P) and incremental man-made caita (K) are not equal in monetary (or information
value) termsif the investment sharek < 1.

In the eguation (2.10), F isanet acamulation (los9 of the natural capita (F). Z isthe
net environmental damage in the equation (2.11), i.e., depletion and degradation of non—
produced natural assets (land, soil, landscgpe, ea—systems) due to economic uses above
the regeneration rate.® The resource use or pollution hes a fixed relationship to output.
The lineaity of this relationship constitutes a particular case (e = const). A non-inea
relationship (2.16) wasfirstly introduced in (Ryzhenkov 2001).

The rate of change of capital intensity (K/L) in the equation (2.5) is a function of the
relative wage (u), difference between red employment ratio and some base (‘natural’)
magnitude (v — Vv,), depletion/degradation of natural capital in relation to net output
(Z/P). The rate of growth of cegpital intensity depends on the environmental damage per
unit of output (an applicaion of the principle 'a pollution prevention pays), in
particular. A high wage share and high employment ratio promote mecdanization
(automation).

® The rate of regeneration is given by a function Q(F, Y), satisfying Q(0, Y) = 0, dQ/dY
> 0 (at least for F above a cetain minimal level of F) in a more detailed model of
sustainable development. There is a perceived sociad neal of direding technologicd
progressto the development of material resources with a shorter regeneration time dter
the goch of the increasing aggregate regeneration time of the resource padkage in use
(Saeal 1994 124-130). These agpeds are skipped in this paper.



The indicaed natura cepital, X, may reman constant, deaease or increase
exponentialy in the equation (2.13). In (2.12), y isthe investment ratio for the natural
cgoital. The equation (2.18) defines an investment policy that is aimed to develop the
natural cegpital in acwrdance with the indicaed natural capital. A combination of
proportional and derivative wntrol over the investment in netural capital is used hereby.

This model does not trea explicitly a stock of environmental assts. The natura
cgpital—output ratios — red, f, and indicaed, c, in the equations (2.14) and (2.15) —
belong to the state variables of the model.

We asaume that the unit depletion (degradation) of the natura capital asymptoticdly
declines due to substitution and structural change & in (2.16) where for P> 0 and e >
e, € < 0. The higher the rate of economic growth, the faster is the reduction of eco—
intensity (or the promotion of ec—e€fficiency in the narrow sense). The equation (2.16)
is, likely, a better approximation than e = const > 0. An approximation of a higher order
can be eaily implemented in the future work.

The flow variables P, C, M, Y, and Z are measured in monetary units per yea, the
stock variables K and F are measured in monetary units. Respedively, these variables
could be measured in hits per yea and bits as well. Methods of an evaluation of their
informational content need a specia elaboration that goes beyond the scope of this
paper.

The next pealliarity of the model is that it has only implicit delays. Due to them, the
model gets rid of instantaneous adjustment to an equili brium with full employment of
labor force used by the ealier neo—classcd theories of ecmnomic growth. An explicit
investment delay is dill set aside.

Three profit rates are defined for this economy. The first is the average rate of return
to man—-made caital (1- u —y)/s. The second isageneral one, it measures aratio of the
eoonomic surplus to the total value of produced and natural cepital (1 — u —e)/(s + f).
The third is a gross (biased) profit rate (1— u)/s that is more eaily caculated based on
the gtatistics with incomplete data on the natural resources.

Therate of net rent isthe ratio of net unit rent to natural capital — output ratio, (y — e)/f.
The genera rate of profit is a weighted average of the rate of return to man—made
cgpital and the rate of net rent: (L —u—e)/(s+f) =[d(s+ )](1-u—-y)/s+[f/(s+ )](y -
e)/ f.

The average rate of profit can grow because of arise in the caital share (1 -u-y), a
decline in the caita—output ratio (s), or dedine in the relative price of capita goods
(p/px). The ratio p/pk isidenticaly one in this one—product model.

Through a transformation of K/L=K-L, it is easy to derive agenerdizaion of the
FENEG:
KIL=K(K/L)-L(K/L)= K/L-L(K/L)= k(l-u-y)a-L(K/L).
The FENEG is a particular case of this equation for k(1 —u —y) = const andL=N =n.
The origina model in an intensive form has been derived in (Ryzhenkov 2001,
20029). It consists of seven differential equations (2.19) — (2.25) that determine a
hypathetical law of capital accumulation:

sz— L (M (myk M D)0y U+ gV —v) + 1)
(1-my)

+me(9) +mg f)s (2.19)




l1-u-y

v=(k —(ny+ nyu + nNg(V—Vvy) + nse) — )y, (2.20

u=(=g+rv—m +(b+qg—m—mg)(n; + nu+ Ng(V—Vv,) + Ns€) —
My (V) + (q—me)( f - $)uy; (2.21)

f=((1-my) (yf_e) —my —my(Ng + U + Ng(V— V) + Ns€) —

Mgy (V) — (1~ me)(V+n))f; (222
c=(-k1UY 4 g (2.23)
y=(0(c- f)+0,f)y; (2.24)
¢ = (kl'us' Y b gt (my+ me— 1)(ng+ npUi + ny(v — V) + nee) +

M (9) +my( f -8)) (e —¢). (2.25)

The state variables are, respedively, the man—-made caita—output ratio, employment
ratio, unit wage, natural capital—output ratio, indicaed natural capital—output ratio,
gross unit rent, and unit depredation of the natural capital. The requirement for the
denominators to be positive is omitted. If K >0, F >0at eadh instant of time, the
system (2.19) — (2.25) defines a strongy sustainalde deveéopment.

A non-trivial stationary state is defined as

E.= (Sa! Var Uy fa1 Ca Yar ea)! (2-26)

where

S = S

Va=(g+(1-b-a)(d-n)rr,
Uy = (d —-n- nl - n3(Va - Vc) - eans)/nz,
f,= (1—-u,—e)/d—-s/k,
c,=f,
Ya= 6, +dfy,

€= €,

i =d.
At this dationary state, a growth rate of produced fixed capital, indicaed natural
cepital, red natural capital, net output is the same: K, =X = F_,=P_,=d =
. m
1-m,—-mg
stationary rate of growth of red wage, labor productivity and capital intensities is
w,=4a,=K,/L,=F,7L,=d—n.

Kador's dylized fads on ecmnomic growth in industrialized capitalist economies are

valid for this gationary state (Kaldor 1957. The requirements of the FENEG are dso
satisfied:
Kol Ly=k(1-u,-Yy,)a,—nK /L,

+ n. The stationary average profit rate is (1 — u, — y,)/s, = d/k. The



The higher the growth of labor force (n), the higher are the stationary rates of
ewnomic growth, stationary average profit rate and the faster is capital acamulation,
like in the neo—classcd model above. Thus, the importance of the rate of growth of
labor forceis the shared view in different streams of economic thought.

The form of the technicd progressfunction (2.4) deserves a spedal attention. It has a
speda element, the function /(¥) that refleds the eomnomy of scde. For v = 0 and
[ABS (0)™j]' =j[ABS (V)" (j — 1)], partial derivatives of the function /(¥) go to infinity,
if 0 <j <1 The sysem (2.19) — (2.25 cannot be linealy approximated at the
stationary state E, = (S, Va Uy fa Ca Ya €) because partial derivatives of a Jacbian
evaluated at this non-rivial stationary state go to infinity due to the same reason.  As
a rule, the stationary state E, is not locdly stable unlike the neo—classcd stationary
state. So the red economy cannot be observed in this gate. Still it is possble to have
periodic or quasi—periodic solutions of the system (2.19) — (2.25) that are bounded in
the phase space

For taking into acmunt measurement errors and an impad of fadors negleded in the
model assumptions, the deterministic model (2.19) — (2.25) has been transformed in a
stochastic model. Whereas the moddl (2.19) — (2.25) abstrads in particular from short-
term and midde-term emnomic fluctuations, this dochastic model makes implicit
allowances for them by spedficaion of the random components. The latter model
includes state equations and measurement equations

x(n) = f [x(n=1)] + w(n),
z(n) = Hx(n) + v(n),
wheren=1, 2,... N isanindex of data samples, x(0) — a vedor of an initial state of the
system, w(n) — a vedor of equations errors (driving noise), v(n) — a vedor of
measurement errors. The deterministic part x(n) = f[x(n — 1)] corresponds to the
system (2.19) — (2.25) and an additional integral equation for labor productivity a =
INTEG (a, ay). The symbol H is for aredangular matrix.

A simplified version of an extended Kalman filtering (EKF) applied assumes that all
the multivariate moments of the second order equal zero. It assumes additionally that
eadt of the random vedors x(0), w(n), v(n) has a onstant mathematicd expedation
and dspersion. The cvariance matrices (W, Q, R) of these vedors are diagona and
invariable. Each element on the main diagona is the dispersion of the respedive
stochastic component, all other matrix elements equal zero.

An applicaion of the EKF to the U.S. maadoecnomic data 1958-1991 has identified
unobservable cmponents of this gochastic model (Ryzhenkov 2001, 20023). The
reader can find the model parameters values in the Appendix.

It has been shown that long wave is a dominant non—equili brium quasi—periodic
behavioral pattern of the U.S. capital acaimulation. Evaluating the historicd fit through
appropriate summary statistics and long—range forecasting has drengthened confidence
in this model. In an exploratory scenario, a spiral of acaumulation is amost periodicdly
arrested by the relative shortage of labor. A quasi—period of fluctuations is about 29-33
yeas.” This duration is dorter than ealier estimations of the period of long wave
(Forrester 1992 Sterman 1985 1986 1990. The reduction of the long wave's period

" Roughly the same estimations for the period of the emnomic long wave in the USA
are given in the books (Chizhov 1977 110-124), (Gerster 1988 and paper (Kiefer
1996.



may be explained by shortened product life gycles, resource intensive R&D and some
other fadtors, analyzed in (Milling 2009.2

The aurrent downswing in the long wave manifests itself in the growing produced
cgpital—output ratio and unit wage, declining profitability and employment ratio. There
isaseallar profit squeeze ad decderation of economic growth in spite of the steady
reduction of the eo—-intensity and labor productivity growth. Worsening profits dow
the growth in productivity that inhibits profits, in turn. The both profit rates (1 — u —
e/(s + f) and (1- u — y)/s tend to be lower and lower than the benchmark d/k = 0.144in
an exploratory scenario.

A shorter period of smulations (until the yea 2034 provides us with a more detailed
picture of the long wave in the first third of the XX| century.

Simulated data
Fadual evidence(estimated data)
500 7% 95% [ 10060 [

gross profit rate
0.2

0.175

015 - N\
0125 \ — /

1991 2002 2012 2023 2034

/
=

Figure 2 Confidence bounds for the grossprofit rate, (1 —u)/s, inthe USA, 19912034
(the exploratory scenario) compared with the fadual evidencefor 1991-2001

The initial state vedor of the aove stochastic model for the yea 1991 has been
estimated by the EKF based on the statisticd information over 19581991 gven in
(Ryzhenkov 2007).

8 A review Innovation in Indwstry works out that the eonomic long waves are
shortening from 50-60 yeas to around 30-40 yeas. See The Econamist, February 20"
1999 350 (8107: 8. Numbered 1-5, these long waves correspond to the industrial
revolutions.



It is assumed for smplicity that the control parameter (j) in the modified technicd
progress function (2.4) is randomly uniformly distributed in the interval (0.111, 0.311)
with the variance dout 0.0033 Two hundreds of Monte Carlo smulations with the
initial noise seed of 1234 have been cdculated and compared with the fadual evidence
on Figures 2 and 3. The fadual evidence given here by the author, is based on the
official U.S. statistics.

The smulations display the nfidence bounds for 19912034 These bounds are
computed at ead point in time by ordering and sampling all the smulation runs. For
example, for a mnfidence bound at 50, a quarter of the runs have avalue lower than the
top of the confidence bound and another quarter of the runs have avalue higher than the
bottom. The graph's tread displays the change of the mean value over time.

Simulated data
Fadual evidence
500  75%0 95 [ 1006 [

Vv

1

e
095 \///,/ \ \§§§§§§§:
—
0.9 S
0.85
1991 2002 2012 2023 2034

Figure 3 Confidence bounds for the anployment ratio (v) in the USA, 1991-2034(the
exploratory scenario) compared with the factual evidencefor 19912002

The long-term business upturn will not probably happen until 2012 or even 2018 It
will proceal theredter up to the beginning of the next long-term downturn in 2035
204Q

The red development differs from the offered description because of leaning,
external influences and counter-cyclicd policies that are not taken into acount. Still the
model parameters can be ajusted by EKF and the forecast can be updated ead period,
based on new information.



The onscious eement of the HL may play a dedsive role in providing better
governance of the ewlogicd—emnomic reproduction on the increasing scde when
ewlogy remains one of the mgjor politicd isaues.

2.3 The normative scenario 19912107 extending the natural capital

The seaond scenario corresponds to a rather strong criterion of sustainable development
(K >0, F>0 fort >2003. In particular, the society deliberately raises grossunit rent
step-wise in the yea 2003

y=(o(c— f)+o,f)y + STEP(0.0018 2003. (2.249)

At the end of the yea 2002 or beginning of 2003 y,,,5 = 0.0065€; at the end of the
yea 2003 or beginning of 2004 y,,,,=0.00757 This modificaion does not exclude

other possble dterations for achieving sustainable development. Still it addresses the
criticd shortcoming of the exploratory scenario, namely the depletion of the natural
copital.

In the normative scenario, the emnomic growth is quasi—cyclicd with a period of
about 31-33 yeas. The maximum employment is firstly achieved in the yea 1999 it
dedines theredter until the yea 2011, then it grows again until the yea 2028 The
increase in the grossunit rent is achieved by a reduction of the unit wage by about the
same quantity. Still this partia redistribution of the NNP produces desirable positive
effeds over the whole period on the arerage:

B therate of the e@nomic growth rate is increased;

B the natura capital is extended;

B the average and general rates of profit are raised without any apparent tendency to
fall;

B there aegains inthe enployment rate;

B the labor productivity and red wage of an employee increase faster than in the
previous (exploratory) scenario.

So far investing in retural capital has had a lower profitability than investing in
produced capital in the modern capitalist economy. The society can overcome this
market fallure by an appropriate policy as suggested. Still some alditional
considerations are required.

2.4 Expeded dynamics of American labor forceup to 2050

In the eploratory and normative scenarios, the rate of growth of the labor force is
constant. It has been estimated based on the information for the basal period, 1958-
1991 Figure 4 shows sibstantial deviations between the observed and ‘naively’
extrapolated badk and forth growth rates of the labor force A more substantial
divergence is expeded in the future. The U.S. Administration projeds the American
labor force to grow at a 1.0 percentage average paceover 2001to 2012° This rate of
growth does not take into acaunt changes in hours worked annually per worker.

® Economic Report of the President. 2002 United States Government Printing Office
Washington (DC): 55.
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Figure 4 The observed (na) and estimated (n) growth rates of labor force
inthe USA, 1948-2001"°

This dowdown in the growth rate of the labor force dfeds the proposed policy for
achieving sustainable development in the normative scenario (2.24Q). Computer
simulations based on the HL of capital acamulation (2.19) — (2.25) have shown that the
increase in the grossunit rent (y) by 0.18 percentage point as in (2.244) is not sufficient
if the growth rate of the labor force (n) equals 1 per cent a yea over the whole period
until the yea 2050 The emnomic-emlogicd reproduction becomes non-sustainable
and its sde deaeases.

The reason is that due to the slower growth of the labor force and labor productivity,
eonomic growth and acawmulation of capital decderate (Figure 5). Ceteris paribus, the
ea—intensity (e) isthe higher, the lower isthe growth rate of the labor force (n). With
the genera emnomic dowdown the &solute rate of dedine of the unit ewlogicd
damage (e) becomes smaller, therefore greaer environmental investment is required for
strongly sustainable development.

19 The acual growth rates of labor force ae caculated based on Economic Report of the
President. 2002 United States Government Printing Office Washington (DC): Table B—
35. The estimated growth rate (n) for 1958-1991is from (Ryzhenkov 2001, 20023).
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Figure 5 The dedining growth rates of produced fixed capital (K ) and labor
productivity (&) in 1991-2050for n = 0.01

Projeding the growth rate of labor force @& equa 1% per yea for the whole

forecating period until 2107 is, probably, unredisticdly high. The work done by the
U.S. Bureau of Labor Statistics (BLS) helps to be more predse.
The BLS projedions depend on assumptions of the future size and composition of the
current population, as well as on the trends in labor force participation rates of different
population groups. The Table 1 refleds the long-term dowdown in growth of
population and labor force

Table 1 Annual growth rates of the dvilian ron-ingtitutional population, civilian labor
force and civilian labor force participation rate, 1990-200Q and projeded, 2000to 2500
(% ayea)

Category 1990 200010 | 201015 | 201520 | 2020-30 | 203340 | 204050
2000

Population | 1.0 1.1 0.8 0.8 0.8 0.7 0.6

growth

Participation | 0.12 0.05 -0.2 -0.53 -0.43 -0.11 -0.02

growth

Interadion” | -0.02 -0.05 0 -0.07 -0.07 0.01 0.02

Labor force| 1.1 1.1 0.6 0.2 0.3 0.6 0.6

growth

(constant

hours

worked a

yea per

head)

! Interaction measures effeds of changing composition of labor force in particular, due to aging and
death. Interaction isthelabor forcegrowth that is not acoounted for by growth in the aggregate population
and aggregate labar participation rate. Source Toosi 2002 18.




In the 199@s, the growth rate of the labor force exceeaded that of the population. This
positive gap narrows and will close etirely by 201Q In the latter period (20132040
this gap will become negative. It will disappea in the latest decade (20402050 again.

3 Upgrading the model of sustainable development

Ascending from abstrad to concrete requires a further theoreticd elaboration of the HL
paying attention to fadors behind the growth of labor force There ae & least two
technicd ways for presenting a dhangeable growth rate of labor force The first way is
adding an auxili ary equation for this rate to the model. The second way is extending the
initial model by a new differential equation for the new state variable — the growth rate
of labor force The latter is likely more powerful: it alows increasing the dimensionality
of the phase state for refleding complex forms of a socio-ecnomic evolution in an
extended model. Only the reseach can find a mostly appropriate partial dynamic law
for the growth rate of labor force and grasp it in a more genera law of capita
acamulation than proposed so far.

On the present stage of reseach, the growth rate of labor force is an exogenous
auxili ary variable modeled with a help of the Powersim built-in STEP function:

n=IF(TIME<201Q 0.011 0.006) + STEP(-0.004, 2015 + STEP(0.001,2020
+ STEP(0.003 2030.

This presentation uses data from Table 1. It is assumed that the growth rate of the labor
force (n = 0.006) will not change in the period 20302107.

The decderating uneven growth of the American labor force dalenges U.S. strongly
sustainable development that requires permanent acaimulation of man-made caital and
natural capital. Extending natural capital is espedally problematica.

After many simulations experiments with different investment policies aimed at
strongly sustainable development, a new equation for the rate of change of the gross
unit rent has been found that enables a positive net unit rent (y — €) in 20052107
(Figure 6):

y=(o,(c-f)+o,f)y + STEP(0.00322003 + STEP(0.0022010 + STEP(0.002,
2015 + STEP(0.002, 2030+STEP(0.002,2075 + STEP(0.002,2100).

This investment policy is favorable for seauring strongly sustainable development,
since both the man-made caital (K) and natural capital (F) grow permanently in this
period (Figure 7). The employment ratio tends to increase; the seaular trend of the
average profit rate to fall is moderated (Figure 8).



Figure 6 The grossunit rent (y), unit depletion and degradation of natural capital (€) and
growth rate of labor force (n), 19912107
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Figure 7 A trangition to strongly sustainable development after the year 2004 the

growth rates of natural capital (F ) and man-made capital (K ) versus the benchmark
(d) in19912107
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Figure 8 The average profit rate, (1-u-y)/s, and employment ratio (v) in 19922107

The acamulation of natural capital fadlitates the growth of population and labor force
that, in turn, reinforces the emnomic-emlogicd reproduction. An explicit modeling of
this positive fead-badk would require atreament of the growth rate of labor force a
endogenous variable.

A. Okun (Okun 1983 154) wrote: “...the postwar recrd has convincingly delivered
the verdict that a wedk labor market depresses the size of the labor force But the
magnitude and timing of the dfed is not clea ... The response of participation rate is
likely to be a omplicaed lagged phenomena which will not be dosdly tied to the
current unemployment rate” The aithor will advance reseach of these @mplex
phenomena in a future research.

This reseach would be fadlitated by improvement of the official statistics of labor
force So far it has not been trading the components of change of labor force similar to
the components of change of the American population. This incompleteness does not
make eaier agrasping of the growth rate of labor force & an endogenous variable.**

Conclusion

This paper has elaborated the notion of viable quasi-periodic motion bounded in the
phase space that generalizes the notions of stationary growth and stationary cyclicd
growth, which are presented by a point and limit cycle in the phase space respedively.
This elaboration has been supported by the smulation experiments, based on the HL of
cgoital acawmulation, and by statisticd data. The long wave has been exposed not as
long-term fluctuations around an equilibrium trend but as a quasi-periodic non-
equilibrium trend and stochastic atrador. This theoreticd presentation differs
fundamentally from the neo-classcd view on ewmnomic growth as a @nvergence

1 The official U.S. statistics of population does tradk the cmponents of change due to
deah, birth and net immigration.



towards equili brium. The fundamental equation of neo-classcd growth is a speda
case of the more general dynamic regularity, presented above @ the dired consequence
of the HL. Refining the given formulation of this law requires treament of the growth
rate of labor force @ endogenous parameter. This puzZe, still unsolved, is left for future
reseach.

The decderation of labor force growth challenges U.S. sustainable development in the
XX century. The gplicaion of the HL with exogenous growth of labor force to the
American economy has diown that the moderation of the seaular tendency of the
average profit rate to fall is conditioned by the society’s investment strategies. This
moderation could be even more succesdul if enhanced investments in retural capital are
combined with appropriate politicd innovations for transiting to natural capitalism.
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Appendix

In model smulations and forecasts, the Runge-Kutta integration of the fourth order with
a atomaticdly chosen time step have been used. This tedchnique provides
approximation to the underlying continuous g/stem. According to the Powersim and
Vensm manuas, RK4 Auto is the most acarate technique to use. It performs,
automaticdly, the experiment of deaeasing TIME STEP to assure acaorag. |If
acaracy is below an acceptable tolerance, the integration interval is deaeased further
until the desired acairacy is obtained.

The initial vedor used in forecats is an EKF sub-optimal estimator of the phase
vedor of the stochastic model for the yea 1991 the based on statisticd information for
19581991 a,= 0.0512 c¢,= 1398, g, =0.0087>e= ¢, = 0.005 f, = 0.109] 5, =
2.052 Uy = 0.695> u,= 0.645 v.= 0.925<v,= 0.948< v, = 0.99], y,=0.008

The EKF has alowed to get also suboptimal magnitudes of the model parameters:
the mefficients of the deterministic part of the stochastic model, diagona elements of
the matrices Q, W and R . The indexes of these diagonal elements coincide with
letters used for presenting the variables themselves.



The VENSIM Optimisation Files

The following spedficaions of the noise axd optimizaion pay-off are in agreement
with the VENSIM format:

pay-off.vpd

a R,
e R,
fl Ry

9 Rs
u/' Ry
VIR,
y/' Ry

kal man.prm

alQ, /¥,
c/ Q. /W,
e Q./ W,
fl Q¢ / Ws
g Qs/ W,
uQ,/ W,
viQ, /W,
ylQy /W,

For the unobservable variable ¢ Q. = 0 and W= 1 by the Vensm default. All other
variances from the file kalman.prm and variances of the measurement noise (pay-
off.vpd) for the seven observable state variables have been included in the list of
parameters to be estimated. The File 2.out contains the best payoff so far, the reason the
optimiser stopped, and the values of the seach parameters needed to achieve that

payoff.

File 2.out

:COMSY S After 2123simulations

:COMSY S Best payoff is930511

:COMSY S User terminated multiple search sesson
:OPTIMISER = Powell

:SENSITIVITY = Payoff Vaue
:MULTIPLE_START = Random
:RANDOM_NUMER = Linea
:OUTPUT_LEVEL =2

‘TRACE =2



"MAX_ITERATIONS = 10000
‘PASS LIMIT =2
‘FRACTIONAL_TOLERANCE = 0.0003
:TOLERANCE_MULTIPLIER =21
‘ABSOLUTE_TOLERANCE =1
:SCALE_ABSOLUTE =1
'VECTOR_POINTS = 1.24418&-306
0.125< TIME STEP = 0.588893 <3
0<b=0.621019<1

0< ¢, =132528

0< g =0.0054249
0<g=0.0531989<1.5

i =0.0373606
0.05<j=0.211049< |
0.2<k=0.267234<0.5
0< m, =0.0149761<0.02
01<m, =01 <0.75

0< m, =0.0105916<0.1
0< m, =0.0888489< 0.3
0<n=0.0199143< 0.022
n, =-0.24223<0.02

0< n, =0.353022<0.5
0<n,=05<05

0< n, =0.0106352< 1

0, =-0.0299728

0, =-9.93389

q=-0.0084833
0<r =0.0609304

0.75<V, = 0.92536 < 0.99

1e-009< Q, = 2.93202-007 < 0.001
Q=1

1e-009< Q, = 1.2223%-007 < 1e-006
1e-009< Q; = 1e-009 < 0.001
1e-009< Q, = 0.000929877< 0.01
1e-009< Q, = 5.5147%-009 < 0.001
1e-009< Q, = 5.16068-007 < 0.001
1e-009< Q, = 3.9415%-006 < 2¢-005
1.256-006< W, = 1.256-006 < 5¢-006
W.=0

56-006< W, = 56-006 < 2¢-005
0.001< W, = 0.001 < 0.004

0.0234< W, = 0.0234 < 0.0936
0.0025< W, = 0.0025 < 0.01



0.00435< W, =0.00435<0.0174
5e-006< ¥, = 5e-006 < 2e-005
1.25e-006< R, = 1.25e-006 < 5¢-006
5e-006< R, = 5e-006 < 0.0002
0.001<R;=0.001 <0.004
0.0234<Rs=0.0234 <0.0936
0.0025< R, =0.0025 <0.01
0.0043<R,=0.0043 <0.0174
5e-006< R, =3.4131%-005 <0.0002
The stationary state E, with aimost full employment in aliteral sense (v,= 0,991) is not
stable, unlike afull employment stationary state in the Solow model.
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