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Input-output analysis for an "open" system relates production rates 

for various sectors of an economy to stipulated final demands. However, it 

is well known that the conventional dynamic analysis usually does not yield 

results which approach smoothly to those of the static analysis. In this 

work, the dynamic analysis is cast into the form of a system dynamics model. 

A modification of the rule which governs sector production rates is intro

duced so that stable results are obtained which do approach those of the 

usual static input-output analysis. The system equatio~s are further modi

fied to incorporate time-lagged stock indices and damping in the production 

rate rule. Prices are handled throughout as in conventional input-output 

analysis. 

Introduction 

Input-output analysis, as formulated by Wassily Leontief [1], is 

a valuable tool in the analysis of economic systems. In an "open" system, 

the production rates for the sectors of an economy may be determined in terms 

of the stipulated exogenous final demands for the products. A set of first

order, differential equations expresses the conservation of goods. Goods 



sea:to.rs £or production pu:rpose:sc,.. (,2)· stocks of good~, held by t;he:. produ~d;ve 

· sec:to.rs,., and (3) tthe sti-pulated~ f-tnal demands, fo.r: th~· g-Qodi>:: .. 
-B: Y + (1-A) Y = X. (1). 

The. eeono.my is; resolved into N' se_ctorS:,, with sect;o:r N:: th~ '1i;abo:.r" 

or "final demand" sector;: this sector fu:rrn:Lshes t:h~ labor \~~:1\l;:i;z-~d\ b:Y· tl1~ 

.. 

time derivatives of the· produ:e·t:ton rate·S·" Y.N• is th~- ra.te t;!o,t w:hic-h labor !s 

supplied. by sector N... The exogenoU:s final diemand'<s ar.e the. N-1 el!ements. o-f 

the column vecto.r X.. The r-s. eleme.n.t of the structtw;'<;il; m~trixt A is, th,e 

ratio 0'£ the input. of g()ocJ.is furaished;- to sect;or s: by s-e~toli r· t;o the outpu.t 

is defined similarly except it is a mea.s.u,re of the la-bor sU:PPHed to. 

sec·tor s by secto.r N. The r-s element of the stocl,<: coefficient; matr:f;-x: B. 

is. the ratio of the stock o,f goods prod,uced by secto.r F being held by sector 

s to the output o.f secto-r s. 

Another set of conservation equatt.ons: applies to tl:le values of the 

goods. Money received by one sector for its output must b<;ilauce payments 

made by that sector to other sectors for inputs. plus p~yments of wages. 

to labor~ 

* * -1 *' P = P (1-A -z B ) Al • 
N 

(2) 

The prices for goods produced by the produ.cUv~ s~~tors are &:iven by the 

N-1 elements of the column vector P~ PN is the exogenously stipulated w:age 

rate, and z is. a diagonal matrix with elements z =Y /Y • rr r r· 
* The notation E 

-1 
denotes the transpose of the matrix, or column vector, E;_E· denotes the 

inverse of the square matrix E. 
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In this exposition, many simplifications are made in the interest 

of improved clarity of the essential points. It is assumed that the labor 

sector does not itself employ labor or accumulate stocks, and stock coeffi-

cients will be assumed time independent. Often, the simplifications can be 

removed without damage to the analysis, albeit with some added complexity 

in the formulation. 

The static solutions to these equations, corresponding to Y=O, have 

probably proved of most utility in the analysis of economic systems. 

For the static case 

y 

p 

(1-A)-l X 

* -1 * PN (1-A ) Al 

Al Y) (3a) 

(3b) 

It is well known that solutions to the dynamic equations (1) are 

likely to diverge [2]. Hence, the dynamic analysis is usually not helpful 

either in the determination of the existence of an equilibrium state, to which 

the static solutions would apply, or in tracing the time evolution of·a 

system from arbitrarily stipulated initial conditions. The dynamic equations 

do demonstrate the existence of an unstable equilibrium; viz. if the initial 

state coincides with the static solutions, the system remains in that state. 

Of course, a perturbation of the system would upset the equilibrium. 

In view of the generality of the conceptual nature of input-output 

analysis and its close relationship with conventional economics parameters, 

it is an attractive goal to cast the analysis into system dynamics form, 

as developed by Jay Forrester (3]. The intent is to do this with as little 

disturbance of the conventional input-output analysis as possible. The 

resultant, basic system dynamics formulation can then be used as the point 

of departure for such refinements as are indicated for modelling a specific 

system. It may prove advantageous to view the same system from the points 



<>f view of both methodologies:, w.ith the expectation that sonte features of 

·the system may be more transparent in one fo.rmulat.Lon,. whfle other featur•es 

may be clearer in the other formulation. 

M9difi'¢d lnput...:.ou:t:put .Analysis 

the· in:put-outpt:rt analysis, tw-o matters must be attended to.. The :dynamical 

equations (1) are now phrased in terms of \}lroduct:ion rates., rather than 

proper sys:t~m ~evels., and the e:quat·ions shauld :}nrve ·sta1ble solutions which 

-w.lll necessit'.\lte a change in 'the structure ,of 'the .sys.t·.em .. 

produced :by sector :r) held by sec'N>r s., S .. , is related to t:he .. production 
:rs 

·ra.te o·f sector s according •t.•O S =B Y • The further de:ve"iLo:nmen\t ·of ;t,his rs ·rss r-

:modii..fied analysis is f:acili'.tated 'by h"Etroductii:on .of: :(l,fmensionlLes:s st;cJc:k 

indices for t:he N-1 t>·roductive sect·ors., deno·ted as ·the elements .nf <bhe 

column vector S. New s·tock coef:fic.ients . ., ~hich play the rol.e .of the previous 

:B coefficten:.ts, but which are not equal ta them,, :are int•roduced according ;to 

s = b s 
rs rs s 

(4t) 

'The st-ock .indices 'will 'have a '!desi:r.ed" value, :wh.ich :mq.y be :chos·en 

c:rrbiftrarily-, -and :these des:tred 'Vialues of .s ·'are denoted 'hy 'the cco:lumn v;ector 

R. For example, one may choose all element-s ·of R ;equal ~to uni:ty.. The choice 

of :R a'rfects -the values o"f :the b coe:fficien'ts acc.ording to 

S (desired) == b ~R -· rs ·rs s 
{5) 

A connection 'between the convent:iorial 'B and the mew !b .-coe'feidLents 
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may be useful. To do this, we can associate the desired stock levels with 

the equilibrium state and express the B coefficients asS (desired)=B Ye, rs · rs s 

where Ye is the solution of the static equations (3). Then, one has 

b =B Ye/R , and also b /b 1 =B /B 1 • 
rs rs s s rs r s rs r s 

Although the notation now departs from the usual input-output nomen-

clature, the substance of the a~alysis has undergone no change. In order to 

clarify the problem of stability of the solutions, it can prove helpful to 

examine a trivial, conventional dynamic input-output model in which all 

sectors are uncoupled from one another; this can be accomplished by making 

the A and B matrices diagonal. The influence diagram for a typical produc-

tive sector is shown in Fig. 1, with atterttion given to the upper quantities 

on the diagram. The. control rule gives positive feedback, and solutions of 

the equations may be expected to diverge exponentially with time. 

-X 
B 

1-Ay--- Dyn.IO 
' ~ / B ~-----'--._ __________ ~ 

-- \;
1 (+) ''LEVEL11 

y 

s 
' K (1- A) ( R-S) .- / Mod. I 0 

Fig. 1. Influence diagrams for model with uncoupled production sectors. 

Quantities on the upper part of the diagram refer to conventional input

output analysis.· Quantities on the lower part of the diagram refer to the 

modified analysis. 

A modified control rule will be introduced. The sense of the 

modified rule is that the production rate for a sector has a norm, which is 



a.ttt:uned to what would be equUibrium conditions if th:a,t e'};u.~l:I,.Jl!·~ful!l curren,t~~ 

exi.sted,. and. then adj,usted to departures of the vaF:i,ous st;ocl~. llev~ls from: 

their desired values: 

Y = Ye +. h K (R-S) • (6} 

for the proportional control rule. The !ntent i~ tO: i~tr-q~u.ce a s:i,mp:J;e,. 

reasonable control ru·le and regard this rule not as an ~n;vi,Qla]:)l;e c.omp()J;lent: 

of the modified formulation but as a base vo:tnt for whatever rule seems 

appropriate to· the specific system under study, The c()rFespc;>ndiJ1g. influence 

diagram is depicted in Fig. 1, with attent:l.on to the lower quantities on (!:he 

diagram. The feedback is now negative, and solutions for the uncqupleq c~s.e 

are given by 

S = R +constant EXP[-K (1-A )t} , 
r r rr rr 

(7) 

where t denotes the time variable. A smooth apprc;>ach to t;he eq:ttilihr:l:um 

state, where S=R, occurs. 

The change in notation to the stock indiceE,l S and the intrqduction of 

an essential modification in the production rate control rule y:i-elc:l the syst~ 

equations 

• -1 
S = b (1-A) b K (R-S) (Sa) 

YN = Al Y (8b) 

. * * -1 * P = PN (1-A -z b ) A~ • (8c) 

Z is a diagonal matrix with elements Z "'S /Y • At equilibrium, R=S and 
rr r r 

e e 
Y=Y , where Y has been stipulated as the solution to the static equati<;m.s, 

viz. Ye=(l-A)-1x. 

Another, redundant price equation can be derivec!.• It$ validity 

depends upon the validity·of the other s"ystem equations. Although the 

equation yields. no new information, it can be helpful as a check on in-ternal 
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consistency of solutions during a computational procedure, 

* p X -P Y =0 N N • 

Lagged Stock Indices and Damping 

(9) 

It is straightforward to incorporate some added features into the 

basic system dynamics formulation. As it stands, the analysis can accommo-

date certain parameters which depend on values of other system variables. 

The structural matrices A and Al, the wage rate PN, the final demands X, 

and the stock recovery constants K may be related to other variables without 

alteration of the system equations. Additional terms must be incorporated 

in some of the equations in order to accommodate other changes, including 

utilization of labor by the labor· sector, the holding of stocks of goods 

by the labor sector, and time variation of the.stock coefficients b. 

Often, it is deemed necessary to incorporate time-lagged variables 

into a model in order to account for inevitable delays in the gathering of 

data, the making of decisions, and the implementation of the decisions. The 

inclusion of delays can have a profound effect on the qualitative behavior of 

the model. A model which evidences good stability in the absence of delays 

may demonstrate an oscillatory behavior when delays are included. Because of 

the expected important role of delays in model behavior, some attention 

will be given here to their inclusion in the basic system dynamics formulation. 

The control rule for sector production rates can be altered to include 

time-lagged values of the stock indices, denoted as the column vectorS'. 

These lagged values are related to the stock indices S according to a first-

order exponential delay. Furthermore, in order to provide a mechanism that 

can be adjusted to cope with the expected oscillatory tendency, derivative 



;e .. • 
Y = Y + b K .(R-S ') - b D S ' • (1:0.) 

Th:e tlime-l.agged st.Gck ind i:ces obey 

S' = L .(S-S') • 

The elements of the ·diagoual matrix D axe t:rht! damping coeffi.cients, and :the 

elements of ·the diag-onal matrix L ar·e t'he a'elay fac•tors,, which g<Jv-ern the 

lag of the S'' :i:nd!i.'ces relative t•o the p~rompt st-Ock .indices, s. The first 

of the system equation (Sa) is now replaced by 
• -1 • 
S = b (l-A) '[b K (R-S 1

} - b D S'] • {12) 

In addition to variables and parameters common to bo:t:h the •convention-

al and modified onput-output analyses, the additional parameters R (stock 

re,c•overy cons.tants), L (delay factors), and D (damping .c.oeffi.tcients} have 

been introduced. These additional parameters are rather removed from the 

usual economics data. The effec·ts these add.itional parameters are intended 

to simulate must be a:scribed to a complex series of decisions and actions. 

Accordingly., it will probably be difficult to empirically determine values 

in the same sense as one can do for the A and B coefficients. A combination 

of a feeling for the working of an actual system coupled with test studies 

of the simulation model will probably be necessary in order to arrive at 

reasonable values. 

Model Behavior 

In order to provide examples of characteristic behavior of the basic 

system dynamics formulation of the input-output analysis, a simple, test 

systeni of three coupled sectors, two productive sectors and the labor or 

final demand sector, has been studled. All parameters ar•e held constant. 
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The system was coded as a conventional system-dynamics computer algorithm, 

although in this most simple form, analytic solutions are possible. The 

6000 

B 

TIME 5 

Fig. 2. Behavior of production rate of sector #1 for a test model. 

Curve II. is for a conventional dynamic input-output model, and curve 

B is for the modified model. 

10 

behavior of a conventional dynamic input-output model arrd the modified model 

are compared in Fig. 2, for a case where the initial stock levels are lower 

than the desired values. ll.s suggested by the previous consideration of 

the model with uncoupled sectors, the conventional model diverges from 

and the modified model converges smoothly to the equilibrium state. 

In Fig. 3, the effects of the time-lagged stock indices and damping 

are demonstrated. Curve 1\ was obtained from a model which included time-

laggt'd stock :Lnd i cPs h11t · wi.th the L parnmeters set to large values so that 
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the behavior is similar to the simpler model with neither delay nor damping. 

1.2 

1.0 

4 TIME 8 12 16 
Fig. 3. Behavior of the stock index for sector Ill for the modified mode] 

with inclusion of time-lagged stock indices and damping. ln curve A, tlw 

effects of delay and damping are negligible. Curve B includes delay ef-

fects but no damping. 
I 

Curves C and D include both delay effects and damping 

In cuive B, delay effects lead ~o oscillation, and the damping coefficients 

are set to zero. The heavily damped nature of the oscillations is due to 

the presence of "natural" damping in the system equations, i.e. terms which 

persist when D=O. In curve C, enough damping has been included to largely 

control the oscillatory tendency. More damping is added in curve D. 
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~oncluJing Remarks 

An input-output problem can be converted into an equivalent system 

dynamics modelw The model tends to be quite stable, provided a modified but 

reasonable production control rule is substituted for the usual rule of 

conventional dynamic input-output analysis. With the model in system dynamics 

format, additional features that have proven useful in the modelling of 

specific systems can be incorporated as desired. The system equations 

have been provided for inclusion of time-lagged stock variables and damping 

in the production rate control rule. 
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Jf>:PUT-OUTPUT Ill 

to: 
AND lNPUT-Ut:Tl'PT 

Charles H. Br~den 

);;·.: .. c nr.d n:n(:nt C~ilorest; of Ua(· ~cnjor t<·chnical CJ~r.!es ~~~den, ___ ~~_:_hool_ ~~-~-P~Jysics 
I'(·! ~-c'n re~.v}ndbl c for u,c rr:odel 's construction: G9_~_ In~!~ ~i_I_~_c_!l_J2~l~y_, _ :".! !<!:12_~~-t Ca~ 30332 

in st it u t io!l ( c_;~-~ _!_~c::l:) ______________ _ 

BASIC 

o~1 .,._.),at cunputcr oystem is ll1e r.oacl currently 
i;:opl e::,L·nted? CDC C~~-~r._ }4_/!!_!!_0_0 __ 

l·t: 1at is t:.e rr.n.ximurr. rr,emory required lo store and "loader" not included 
en cute the progr arn7 a.]?Qu t }s_l_rLQ_Q-8 _{1Q __ }~v_€l __ s, _deJl.~Ed s on]-_1 --~l!:g_b_tJ_y_~Tl__l.__o.f __ l~~~l ~) __ _ 

l·inat is t.),e lf~ngth of time required for one typical about 0.4 sec/iterative "step" 

run of lhc model? fq_r_ 10_1 ~v_E:lli _(__s_tr_ong__cJ~Ps~nde_ng~ _ _pn _ _ff__Qf_]~yelsj_;_~OO _s_e~ _ _fg_r _ _!Q _ _y~_r run 

Is Ul(.:rc a cetailed user's manual for the model? no 

2. I'l'EPOSE OF THE l·lODEL: 

f'or ~-,·hat indhdciual or in~;t i tut.ion was the model 

desig11ed? ---~-~':!"~=::__-~~':?..~~---------------- -------------------- _______________________ _ 
~-,~nat :.:ere the basic variables included in the model? 

levels are stocks of goods held by N sectors of an economic system 

se~tor ON is labor (or final demand) 

Over .._.},at time period is the model supposed to provide .u!;eful information on real 
~-,·orld behavior? 1 - SO years. 

~as the model intended to serve as the basis of: 

an acarlemic exercise designed to test the implications bf a set 
of assumvtions or to see if a specific theory would exrJain his
torical ),ehavior 

cc.~c'mr.jcation ~-,·it.h other~' about the nature and ir..rlicc::ic:1s cf an 

important set of ir,teract:ions, ~xemplify methodolo2v for conveJ:sion _.of_ ___ ~ ------
lnput-output modei Into svstem dvnarnlcs mooeT 

p:rojec'.: ing the general bcJ-,avioral tende!lcies of the re:al syst.(·.rr. 

F!'edic~ .. illg the \'C:.lue of so:ne system E:lc:.--:-.cont (s) <::t sc:-7'.€ fc:tu:-e 
point in time 

3. ~~C.!::JEL SPECJf'JC'..ATION AND THEORETICAL JUSTIFIC/1TIOJ~: 

Provide hm diasrams illuf;trating the extreme behavior mocf's o:r.ibited by the r-.ajor 
model E'lc:,;cnts: 

--

----------------------------'- "------ ------------------ -·--------
-- I I 1../ntL 
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If they aro not included in the body of the paper indicate where the reader 
may find: 

a model boundary diagram that indicates the important 
endogenous, exogenous and excluded variables 

a causa~ influence diagram, a flow diagram, the com
puter program and definitions of the program elements 

Is the model composed of: 

simultaneous equations --~x~---

differcnce or differential equations 

procedural instructions 

Is the model deterministic 

continuous 

or stocha!>tic 

or discrete 

noted in paper 

available, in part, upon 
reques;t 

4. DATA ACQUISITION 

What were the primary sources for the data and theories incorporated in the model? 

Data only exemplary, test data run to date 

Theory Leontief dynamic input-output analysis for "open" system, 

conventional system dynamics methodology 

What percent of the coefficients of the model were obtained from: 

measurements of physical systems 

inference from social survey data 

econometric analyses 

expert judgment 

the analyst's intuition 

What .was the general quality of the data? exemplary. test data only 

5. PARMIETI::R. ESTHIATION 
n.a. (test data only) 

If they arc not given in the publication, where may the reader obtain detailedlinfor
·mation on the data transformations, statistical techniques, data acquisi~ion proce
dures, and results of the tests of fit and significance used in building and analyzing 
the model? 

G. MODEL PERFORMANCE AND TESTING n.a. (test data only) 

Over what period was the model's behavior compared with historical data? 

What other tests were employed to gauge the confidence deserved by the model? 
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·-where may the reader obtain a detailed discussion of the prediction errors and the 
dynamic propcrtibs o! the model? 

7. APPLICATIONS 

What other reports are based upon the model? 

Name any analysts outside the parent group that have implemented the model on another 
computer system. 

List any reports or publications that may have resulted from an evaluation of the 
model by an outside source. 

Has any decision maker responded to the recommendations derived from the model? 

Will there be any further modifications or documentation of the model? 

Where may information on these be obtained? 

XX modifications planned in pricing structure of model (currently, conventional 

input-output analysis is used); a more detailed description, with additional 

exemplary runs, is then planned 




