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ABSTRACT 

A DYNAMIC MCmEL OF PORTFCLIO SELECTION: 
ANALYSIS OF BIFURCATIONS 

Cfl.>s;;~T' V:i.ll<~:r.6n 

Dep;;n· 't.;Jtmet'l't. d 'Fc:r.HH:ml:i.<lt d0~ :1. 'Emp n;~~;•~ 
Un:i.vf:~r·~;:i.·t·.at. At.tt.<~n<:)Jna de·:-~ B.r.~'f·r.~f:llDnt!3> 

-.In t.h:i.s <trt.:l.cle Wf~ w;;twt. t.c> preclic:·t. t.he c:lynam:i.r.; behav:i.our 
o~ a port~olio o~ assets, i.e., we want to know how quickly it 
will move trJwaT·ds •1!. new pc)s:i.·U.cm o·F equ:i.l:ibr:i.um wherl an 

unstable situation has ocurrecl due to important changes in the 
risk, (and in some cases in the retut·n> o~ the securities. 

In order to carry out this 
locate the points o~ equilibr:i.wn, 
and lastly determine where,· ancl 
discontinttities ~ppe~t·. 

~orecast, ~irst we should 
then analyse their stability 

under what conditions, the 

Changes in the return or in the risk o~ the securities 
which m.."lk£~ up '" port.·Fol:i.o c:an l:>r.·! ~;moot.h and this also brings 
about a smooth change in the port~olio, which is shown in a 
readjustment irl :l.t.s compo~;:it.:lon. However, :i.t. e;omet:i.mes happens 
t.hat., whilf.~ th~! expec:·t.<at:l.on o~ return remains relat:i.vely 
s;tatblf,), c::lrr.;ums;tanc:e,<;: aris&! wh:l.ch cons:iderably increase the 
risk, in which case a serious discontinuity occurrs in the 
~eature o~ the port~olio. 

In t.his way, we r.:an apply the methodology o~ Thom'!l: Theory 
o~ ca.ta!l:·trophes :f.n order to c>bt.min valid conclu!l:icms using the 
morphology o·F ·the butter·Fly cat.<as;ty·ophe ~or the port~olio's 

~eature Ce~~icient, non-e~~icient and opportunity or 
pseudo-e~-f:i.cien·t>, employing f'our cont.rol -factors: return, 
variance, tran$nction cost~ and risk aversion. 
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JNTI~ODLJCT:t:DN 

A portfolio can u~.:; :i. ns;J pl'Clp<:ll''t.ir.ln'.'' 
x:i.<:i.=::·l, ... ,r"'), t)·fo em.c:;.h· C)·t: ·l'.h<·=·~ f-:;t-:-~c:.ur:i.t.iE-:·:r~:; wl·"'l:i.<::.h 1nm:.ke-:r :i.t t.tp ov~:-~y· 
the total; from our point of view these proportions will be 
th..:·:r va.y·:i.r.lble~.:;. <:)·f ~:.·t.(itt.e-:r. F'<..')T' f.-:r.ta.r.;.h set. nf' v.c:io.'lttPc; n·r: the$E-:·:r ~.. . ....... . 
variables whic;h veri~ies with the condition i;, x 1 ~=1 we will ttave 
the univocal definition of portfolio. 

Let us consider to be n the total nwnber of securities 
exis1::i.ng <:>n thf::r rncil.T'kf::rt, ~;<:> thc~t ~:;cmu:t-. o·f th£~ x:i. comp<:>n£~nts rru:~y 

be null if the corresponding security does not form part of the 
cclmpos;:i.t.icH\ <:lf' a det.el'ln:i.nat.€·l pcH"t.·fr.llicl. In ·t.h:i.,!; way the nL<mbey· 
o-f ser.:.uritif.·:rs rE-m"k-ains f'ixw:rd monel f.·:rqua~l "t.<:) n, aknc:l Ck p<:>r·t.-fr.)l:i.<:) 

will be defined by a point in the space Rn- 1 . We thus remove 
the Pl'oblr.•nt whicoh would cot~nfy·on·t us :i.-1' we :i.ne<:lrpcll'<d.lfld r.lr 
dispense whith some securities and this would be re~lec·ted in 
the ch~nge in the dimension of the support space. 

There~ore, the v~t·iables o~ ~t~te X. 1 which are po$itive 
or null ~nd verify i x.•1, itemize com~letely the composition ..... l. 
of the poT·t·Folio and in <:oon9;equr.>rH:oe, defj.nlfl it.. FT'Cln\ thi~> 

deofj.nit.ion, 
portfolicl. 

it :ie; C)bV:iC)LlS 1".ha.t. a 1.1;:i.11gJ.f.·' Sf.~C~t.lT'it.y can rrH1kkf.·' l.tp i!~ 

When portfolios are analysed Cboth in the MPT 
CAPM> it is considered that the elements whieh 
them (control variables> aT·e: 

expected returns 
risk inherent in these returns 

a$ in ttu:·:
c:~ haT' ill<:'~ "t. f.~ ,. :i. ~.~; t:·;o 

B~sing ourselves on these 
cl~ssified into e-fficient 

two elelltf,lnt.s, p<:IT't.fcll ir.ls !:Oo'l.n be 
and inefficient. A portfolio is 

efficient if, given a certain return, no other portfolio exists 
with an equal return with has a lower risk level, or inversely, 
if~ port-folio exists with~ certain level, there is no other 
wich , having exact.ly t.he ~;ante ri~;k, of-feT'S hj.~.1her returns. 

We are not going to get into a discussion on the methods 
used to optimise and consequently select the portfolio Csee for 
example Sharpe,(1~50), as ·t.his :l.s essent.ia.lly t.:i.melr,lss, 
conformin~) ~t the most to a model o·F comp<;Hative r.lynii~m:ics; .11nd 
the -few dynamic modele; wh:l.coh have been ·Formulated coannot. be 
considered as more t.ha.n bm;e;ic 11 St.oc:.ha.!:;·t.:i.r.:. 11 ·Formu:l.au:~ wh:i.c~h c:lrt-:
outside the area t.his study is 1-ocussin~J on. 

Amongst ot.her t.hings, our a'nalysis is an ;;~t.tempt. to s·tudy 
the well known situation that occurrs when an e-1'1-ieient 
portfolio no longer is so, due to objeetive causes on the stock 
market. 

As a result~ it is necessary to consider that~ with time, 
efficient porfolios coonst.it.ute £•quil:l.brium wh:l.r.oh under coeY't .• uin 
circumstances, can lose its stability, giving way to a new 
state of the system. 
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tYU:><:I <·":~ l wh :i. C h eX p :1. m. :i. n ~~: t. h <·:·:• 

discontin\Jities and 
This model must be 

ehan~.:Jf.·~~-=; :i. n 
:i. mp 1 :i. c :i. ·t.l y 

the $\ar~4ll<~e o~ equ:Ll:Lt)rit.lNl
dynamic and wa think it 

~upprc>pri<.~'l".e:- tc:> use the pt>1.:;:i.bj.l:i.t.:i.f.·~~; c:>·F·Fc-:~T·c-;.:-<:1 l::ry the·:-~ r.;.<:ktm.!:;t.t·c:>ph<-:-~ 

·t.heoy·y. 

Df" a.:l.l ttw,, res:t.Y·:i.c;t.:i.v•• hypot.J··,e,;q,.,_,; C.Hl whic;h ·t.t'"' culalys;:i.s cl·f 
portf"alios is based CMPT, CAPM, ... ), there are two which we do 
not need to include in the present work. 

In the ~irst ~~lace, we are rlo~ going tc:) res·tr:Lct ClUT'Selves 
t.cl th•• l:i.m:i.t.;;~·U.cm c:l·F t.he ·t.c-mnpon;.:J. hc:H·:i.:r.on. "Th;;d. sinr,(J.e, 
cornmor·1 h<:>T' :i. z r.ln a~llr.>w~.=; \.\~.=; tc::r ec:>n!:;·t: "I' ut~t ~l;; 1:; :i. n9lf.~'·H·p<-:-~v· :i.c>d rnc:>del . 

The model impl:i.e$ that investors buy all the assets in their 
pc:>r ·t ·f'c:>l :i.e:>!:; alt c:lne pc>:i. nt c>·f: -~. :i.mc-:~ .Ciitncl !.:;c-?11 t. hem u~t ~.:;orru.~ undf:-:-·f' :i. ne-:-d 

but eornrnon poin·t. :i.n t.h<>' ·ft.li".l.IY"<·?." C().R. Hm.y·y·ington, "1'!)83>. 
This hypotesis, is in ~~ny c~ase totally unreal anc:l is ,, 
unnf.·:-<:;es~;a.y·y l.T we <:~.fl~rry <:)u'l: ·t:he dyn.c:un:i.c:; .c:!onaly~;:i.s us:i.ng the 
methods provided by the catm.strophe theory. 

Also, we will include the possibility of considering 
tran£~ction cos·ts in out· ar~~~ly~is, wh:Lch ~~re not taken into 
m.ccount in the present form of" th• port-folio selection theory. 

CAPM rnod€·'1 hypotheses permits 
treatment of" situations such as: 

An inef"f":i.e:lent. port.f"olio r.~c:luld bec;;~.ming e·f·F:i.cien·t. 
Cor becc:lrne mcH·e :i.nef"f"ic:ient.). 

in 

t.he 

time 

The inves·t.or, c::.c~ver:i.ng t.h~• t.ransar.:tir>n c.os·t.,;, r~an r..onvert an 
ine-fficient port-folio into an ef"f":i.c:i.ent one Cor this is at 
least what he hopes> by modi-fying its composition. 

With the conclusions we reach -from analysing situations 
such as the ones mentioned, we are mble to study under which 
circumstances all the ef"f"icient port-folios support the 
buf"f".,>t.ing•: o·F t.he market. and p;ru;s f"y·cm• a st.ate Cl·F equilibrium 
to another, determining the type of" equilibrium achieved under 
the new s:l t.uat :I. em. 

There is no reason to believe that only one path of" 
behaviour exists as, whether the recovery of" an ef"f"icient 
"'qu:i.libr:l.t.tm is achie,ve>cl by memns of" traru,:mction <buying and 
sell:lng •.o:ecLu·:J.t.ies> Clr by a .:ituat:i.Cll~ c~n ·the mmrket, cl:i.f"·Ferent 
points can be reached by dif"f"erent path$ <hysteresis). 
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TOPICS ON THE ANALYSIS OF PCRTFC~ICS. 

se~lw~et.:i.c:)n C:)f The -f :i. y· ~.d: IYl(J c:l f:·1l ·f" (;n· t h 01 

developed by H. Markovitz in 
that the investor should choose, 

1952. 8a~:i.c:~~~~llyJ 

·f T'C>ITl b&~·(:we<-:-H'I m.:l.l 
:i. "t. p C)'!.:.: t \.\ J. .C!~ t <·:·~ 1.:; 

t. h H~ p <:) S ~:; :i. b l <·:·"! 

combinations C)·F 
IT'Ii!kX:irni:t.r.·:r!:; ·t.he.;. r.-:rxpe<:;.·t.«·:rd r·c·:·:rt.t.tt'l1. 

As it concerns ar\ optin1isatior1 with 
obje<:~1'.:lve~ th:i.'!.:; is; T't-:-:rclu<::.«·:-d by .:~rt·t:i>ns;Jr.·:rm<-:-:rn·t·. 

according to yield, and within those with the 

return, according to their level o-f risk. 

m<:)r·e 

(;)·f 

tha~n C)nf.·::O 

p C) Y" ·t·. ·f Cl J. :i. C)~-' 
l<f.~vt.\~1 o·f-

I~ we use E to represerl·t tt\e ex~)ec·ted return and s as an 
.. adr.·lqw;kt.e IYleami.IY"eiYlr.Hd·. ·f(:n· th<>! r:i.sk <n(:HIYW.klly the1 •;t.;s.ncl<!<n:l 

desviation o-f the expected returns in the port-folio), the set 
o-f port.-folic)~; derH:)m:i.nat.e!cl r.km f.·!-f·l'ic:i.r.~nt. (;;an be! repr·f;!~:«·mt.((·1cl by 

-figu r·r.~ ·1 , (Shan pe, 1 ?J!50) . 

Figure 1. The efficient set and boundary 

of portfolios. 

s 
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A portfolio's return will be weighted average of the 
yielcls o~ each one <:)~ the sect.tt·i·t:Les.~ using as a weighting 
factor the proportion of each security in the portfolio. 

The n;>t1.1rn, Clr PT'Clf':i.t.<i~bil:i.t.y f,•xp€~<:~t.<:·><:l ·From a ,.=.:«.;.c .. ,.t t· :i. t.y 1 

norma~lly y·e·fE-;!T'T'ed t<> ,;~ pen:i.cld <<;>c,cmom:i.r.> f»'Xf:H'C:i.S<O:·~) .1 i~; 

determined on the basis o~ ~tjture ex~)ectations and using pas·t 
<-:o?x peT' ~i.r.-~nc<-:-:- c:;;.s m. l'f:1'fey·c-:-:rnc;.e. U!:;u.r.J>ll y 1 ·t: h :i. ~; ·f<:)y·rnu :r . .c:l .:i. ~.=; u~.:;r.-:rd : 

Dividends + PMt - PMt_
1 

Somewhat. lllf.)Tf.~ c::.cuTlpl.f.~X arH' ·t·.he c~<:,n<:::.<·:-?p"l" . .c:E;.ncl t.l·"'t::r nu::-m~.~=;t.tt·ement. 

·for th~,, T'iSk. 

The introduction of the variable risk in the definition of 
an efficient portfolio is justified by the differences in 
individual behaviour when faced with risk. 

If the individual is completely averse to risk, he will 
r;elec~t. .~ pc>rt.·folicl wit.h no T"i•;k :i.nvc:llv<·;>c:l <ma~de> up cl'f' 
·Fixed····:f.nc::.cm'le ~;ec:.urj.tie!.; ) 1 €·:0VfDI"l iii:.t. 1·.h<-:·:r c::.<:)S"t. <:)·(:' c1l p<:)S;~;:i.blc-:·:r lOW 

return1 or else he will irlves·t a:L:L his cap:l·t~~l ir1 ri.Sk"··free 
a.!f;set. 
I~ he is a risk taker, he -Fully enters into Markovitz's 
analysis ~k$ h~ could be ~n investor for ~l c~et·ta~in l~val o~ 

risk/yield but not -For another higher one. 
I~ he is a ri$k lover, he will choose thc)se investments with 
a high expected yield, without bothering about the level of 
T' :i. ~;k · 

As t.hf.\~ ~JT'f?-c'!l.t.c·:·~T' pa.r·t C)-f ·t:h~J' ''nc:)rrna:l.'' :i.nvf.·~!:;·t:c:)J'!-"; 

the secor1d ca·tegory, sir1c~e when ptAtting togethat· i~ 

they seek to ~>ntrol the risk (although not •liminate 
need .-:-. ·For·n1 c:)·f' ln&~.casurf:~men·t. ·f'or· the~ r·:i.!.:;k. 

belcmg t.c:l 
poT' t. ·f t~ 1 :i. Cl 

:i. t) , W€·! 

Nonn;;~lly, risk is ident:i1':ied with the vaT'i<•b:i.l:i.t.y o·F 
return. In a natural way, this suggests that the variance or 
standard desviation of the expected value of the profitability 
be used oiikS 't'.ht:-:o nl<-:~a~;ul·f:·;.ment C)f' y·:i.!f;k. In py·~:u:~·t.ic:.e, ·t:hesf:·~ 

measut·.:~m!F.-~t"'t.s ht:~Vf» shc:)wn t.he~:i.r use t:~s o'ppr.)Sf:.;tr.l t.c:) c:)t.het·s wh:i.c:.h 
appe•n :i.n lit.F.1T'ii~ture1 c,cmc;t:Hn:ing portf<:llio .~n•;•lysis co. R. 
HaT' T' in gt.on, ·1 '38:01 > • 

The sugt~e>stecl mea>~I.IT'ement. o~ risk is •a.lf'of:i.<:~:i.ent. fclr 
analysis of' mn isolated security. However, the T'isk o-f a 

poT·t.f'c>licl c",anno·t. be 1neasurecl only <H': ·the we:i.~Jht.ecl t.ot.al. o·f t.he 
risk o~ the yields on each of the securities, a relation which 
can be measured by its correlation or by its covariance. 

t.he 
But. when t.he pc:lrtf'olio ha~; a ceT"t.«'l:in ncut>be>r o~ 

exc~e~;s:Lv.:-:- numb+:-:-l· C)·f calcul~'ikt.ions rleCf:;.s.s.cilTY 

$9C',.U Tit. if.?$ 1 

make>s t.hE,~ 
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practical application o¥ this method doubtful. 

To r <·:·m'lOV€·:- t. h j, ~.=; pro b :1. f':~m J d i ·f-" off~,. t:~ 1'\ ·t. veT' m :i. c>n !:; <:) ·f M.r.t. ,. k C:)V it. :r. ~ f,:; 

•nc>del havf.·> be~;m do;>v~;>lop<>d, <:mw> c:<·F th<?ll't being t.he CAPM <C<ilpj."t.ilkl 
Asset Pricing Model). Instead of correlating the different 
~=;f.?C~Ll y· :it :i.£~\~:; amonfJ!.:;t 't.helni=;t:-:-1 Vf.~S 1 ct. po:i. nt. <:>·f: l'f:~·Ft:-~rr.-:-nc,t::- k nc>wn au=; 

t.hr.-~ '' rnat·kvr.-·t p<:>t·t.·Fr.>:l.:i.<::r '' :i.~.=; chc:>~;t:-:or"'l wh:i.ch :i.s de·F:i.n<.:-~d .ut.r:; t.hf.·:O 

pclT·t.·Fnli<:> ·Fot·mo;H:I o·F ckll t.hf.• secur:it.:i.w>s pn:H;I)m't. :i.n t.he lllariH~t., 

their participation in the ~)C3rtfol:Lo beirlg the same·a$ it is en 
t. h •·> i~ t. oc~ k lllc"l. r I<+;> t. . 

A port~olio's risk i$ therl de·Fined at.s the cc3variat.nc~e o~ 

the stock return with respect to the market return, that is to 
say1 the only risk whic:~h j,s t~~ker1 intc, accc)unt is the 
sy9;tematj,c:;. r.)ne; wh:i.lt:~ .. the n<:)n-i:;ys..:te:olllii~t;ic;. r.i.~:;l< <:)·F <·Ni~<:~h .fkc·:·:-C" .. tlT"ity 

j, s •. ,]. :i.mi na•t.ed by the> ·f<:lrlllcd. :icm cl'f' ·t.h~' p<:>rt.·f<~l :i.e). 

11 Th€·~ CAPM T"f?s·tg c:)n f.·:o:i.~Jht m;.s!.:;ump·t.ir.)ng;. Thco:·:o ·f:i.r~:;t. T:i.ve 
i!lS5UITtp"t.ic:)ns .c!~;.re ·t.hose:o t.h.ji~"t. undf.·:OT'l:i.e.:o -t.he c-?·f:·Fic:i.f?nt.····m<!lT"kf:·:o1·. 

hypothesim and thus underlie both MPT and the CAf'M. The last 
three assumptions are necessary to cre~ta the CAPM from Mf'T. 

The eigth assumptions are the fallowing: 
1. The :i.nvest.<:l1· 's ob)ect.:i.ve :!.1;; t<:> maxim:i.:r.e tht-1 ut.:i.J.:i."l:y <~·f 

t.ermin<kl we<ill.t.h. 
2. :l:nves-t.c,rs rnr~ke <:~h<:)ice!:; on ·t·.he 

Return is measured by the 
basis <:)~ risk and retuy·n. 
variance of these portfolio 

returru=;. 
3. lnves;·t.OT"$ halve hc)mogw:on«·:oous; •~:oxpec·t.ilk"tions <:>·F y·:i.sk (:~nd re·t.ut·n. 

4. Inve~;t.<:>rs hu•ve :i.d+?nt:i.c<>kl t:illlf» hot·:i.:r.cms. 
!5. In-fc>rrn.'lltion :i.s -freely ava:i.la•ble "l".c> :i.nvt-11S't.<:H·•;. 
~- There is a risk-free aksset~ iilnd 

lend at the risk-free rate. 

7. There are no taxes, 
imper-fections. 

DT" 

~· T<:>tal asset. quant.:i.t.y :i.s ·fixo;>cl, ancl all •1ksset.~; akre rn.'llrke·t<il~lle 

and d:Lv:i.sible." 
<D·R· Harringtcm, '198:L p.22). 

Based on all these hypotheses, 
investor tel s:elo;>ct the op·t:l.mum 
pt·e-ferences. 

t.he CAPM model 
portfolio according to his 

The model has a. very o;>xtens:ive u~;e and s<:>me o·f ·t.he m<lkrket. 
hypotheses on which it is supported have been conveniently 
contrasted. But there are others whose general validity is 
doubtful; in particular for u~ hypotes:es 3, 4 ancl 7. 
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THE CATASTROPHE'S MET~KmOLOGY AND T~E ANALYSIS w~ PORTFOLIOS 

whft:~n 

'l't~e ~)T'Oblem we want to S<Jlve is 
·the :Lnve~·t<:)r who I~C)ssesses 

·the <~r'e wl1j.c~1·) CY't)l;)s t.tf:) 

a ~)or·tf<:)lj.c) wt"'ic~l·\ t.lF) ·to nk 

c:~e,-y·t.r:~:i.r"' m<:>n"'f:.,.nt. hi:~r:; PT'C:)Vf::r<:l tc:l' b<{·:r c-:-:r·F-F:i.e.:i.to:·:rnt, :i.!.=; ·f.a.c~H~c:l w:i.th "t.h<·:·:
fact that ethel· por·tf<Jlic)$ exis·t witt) a higher re·ttAr·n ~~11c:l tl1e 

!.=;t:lli.tnf:-:r l f:-,.ve:rl c:)·f ,. :i. $I< , c:)T' m. l c:)W<·:-~ r r :i. !.:;I< .c::~nd t hc.;.:r !.=;.m;l't'l<·:·:r rc-:-~'l:u r n . In 
WOT'd!.:;, h:i.!J; pr.)r·t.·fol:i.c::' :i.!=; no l<:)n~.:J<·:)J' loca.t<~·:rd on <·:·:-f·Fic:i.f.·:-n·t 

boundary. 

J:t. :i.t;; r.>bv:i.ot.\m t.h<:k·t t.h:i.f:; c:..;:~n r,)n].y l·lm.pp<~~rl <:)V<~·~Y· .m. pc:.~y·:i.c:)cl c~·f 

t. :i. rTlf:·:- a. n d :i. ~; ell.\ c-:-:r .m. ~.=; rnu c; h 'l'. c:) t y p :i. c::.~:::.l ~=; ·l'. o c::.l< n1a Y' k <-:-:- t <:) p <·:·~ r ii~ t :i. c:~ n ~.=; .m. $ 

·to thf.·~ per·fc:)J'Iflan<::.f:-:r <:)·t: the~·:- mo<:~'l'.t.t.m;:J. <:~<:)rnpt:~n:i.e!:; :i.!:;~.:;u:i.n~J t.hf.·:O 

sectJrj.ties wl1o mod:L~y nc,·l'. only ·the expec~ta·l'.:Lc)ns or~ whic~tl the 
rr~la.t:i.on Y'f:·:r·t.ur·n· .. ·y·:i~=;l< :i.$ bt::.~.=;ed btl·l: a.l~:;o the·:·~ .m.ctuc:~l f:-~cc:)nc:mlic 

rfl!<Jl.lj.t,y. 

"' I·F t~le investor l1as c~hoserl ·the ~)(;)r·tf<:)lic:) ac~C<Jrcjj,,,g to some 
cy·:i.t.fl':'J':i.on be:1.~.:;ed C)n e-:rc:~c:)nc:>m:i.c:~ r·at:i.c:,nc:t.l:i.ty ~==-ncl c:~c:)l"l~:;:i.d<·'!!T'~; :i.t ·t:o bf.-:

C:>p'l'.:i.rm.un w:i.'t.h:i.n :i.t.s; tt'l'.il:i.ty ·t:unc:~·t·.:i.c:)n, c:;;.r'ld s;c.:-:-e-,1.:;, .c;;;.!,:; t:i.me f:JC:H:-~·s by, 
'l'.h~1~t beec:)IJ'ff.·:os :1.<·:-:oss f:-:-·f'·f:i.c:i.f:·~nt, we·:·~ IY'It.t!:;t c-:·:-x.;:un:i.nf:-:r whc:;;.t l<inc:l C)·r: 

f:·:OqU:i.l:i.br:i.t.un :i.t ITlU~;"l'. ht:1.VE\' T'C·:·:Ot!lC:~hf:-~d (i~'\". :i.'(',!}; pf:·:Oi!i>l< .a;;,n<:l <:~Cit.T'T'Y C:)t.\t. c:t. 

qu~i~;.:l.:i.t.m.t:i.Vf:·~ at.nd qum.n-t.:i.tm.t:i.vE-:·~ ilt.nt:t.ly~:;:i.s:. c::~·r: thE-::- be:-hia.v:ic)t.tT' (:)-f 

pc>t·t.·f'c:>l :i.e''·''. 

WE-:·~ m;. T'f:., ~.:Jc:)i n~.~ t.rJ <::.aT' y·y c:)u t. ·t·. h :i. s a~:.nal y~.=; :i. ~=; u~.:; :i. ng ·t:hc-¥." 
t.<·=·~<:~h n :i. qu<·:·:r~:; c:)·F·t: C::·:·Y·<·:·~d by t hf.\1' c<:;;.t.m.!=;t. y· c:)ph<·=-~ ·t·.l'lc;:.~c:) T' y (!!;.~.=; W«·~ 'l'.h :i. n I< ·t:heT'f~ 

:i. ~.=; ~.=;u·r: ·F :i.c.:i. f.·~nt t.l'l<·=·~<:)T c·:·:•t. :i e~:;;,l .;:~nd c·mnp :i. y· :i. c~.;:;:.l ~;l.tppc:) T' t w:i. t h wh i c:;.h ·l:c:) 
·taci<:Le t~lim· mtuc:ly on ~)or··tfc~lic:) £®:Lect:i.c:)n ~rom tt~:L$ pc)int of 
v:i.<~·~W ~ ~:;.nd bf:-~r.;.a.u!:;c.:-~ W<·=·~ th:i.nl< ·t:h.t:;;.t :i.n th:i.!.=; wc:~y· <H;. dyn<::.m:i.c;. <!I:.PPT'C:)i!tc:;.h 
to a ~)or·l'.·Fc)lic:)'$ per~<Jr~~nc~e can be given. 

We;! ~';hould poin·l: r.H.d. t.ha'l'. ·l'.t,.,! ,;;elfl>C'l'.ir>r> r.>·F pr.>ri'.·l'r.>l:i.r.>s 
c~c:)mpl:i.es w:i.th var:i.c::n.ts J'f:·:-qu:i.rt";;oiY)(~·~n·t.s wh:i.c~h, ~1!;.c:~c~c:)rr.l:i.ng "t.c:> t.he:o 

WT' j, t.er ''' wh<:> h<rr.ve ar.ppl :led thfl! met.hc>clology o-f the c,m:tar,;t rophe 
theory o~ ·the soeiat.l sc:~iences, mt·e necessay·y ~or the 
application o-f the said methodology to be considered adequate. 
The•e requ~~r irnen·l:• are: 
BIMODALITY: the port-folios are e-f*icient or ine-f-ficient. and 

either o-f them produces a stable equilibrium. 
HYSTERESIS: we have atl rF~acly cornmfl!ntecl on the appearance o* 

this phenomenon during the process o* determining 
the e*-ficiency o-f port-folios. 

BUDDEN dUMPS: it j,s ~.lbvi<:>I.IS thad. the•e occ~u T' atncl rna.y be due to 
operations involving capital, cut• in dividend• 
and f.·!Ven -Fot· T'tl!atsons out.$idfl! the rnarket which are 
the rno$·t. i.mpot·t.<ant., given ·t.he -frequency with 
which they occur and the unpredictability o~ 

their appearance. 
DIVERGENCE: Cas regard$ the risk a•$ociated ~ith securitie$ 

returns> •ince two point$ united by.neighbouring 
paths can produce perceptibly di*~erent 

behatviour. 
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Som~ akuthors shown th~~t tl1e exis·tence <J·F t:)r"'ly £C)me C>f 
·t:. h •=·~ ~.::. f?. T" e q l.t :i . .,. f.·mu:-~ n ·t $; j u ~.=; ·t: :i. f y t. h c-:-~ .m:. n till y s :i. ~:; <:> ·f' <:1 y n m:.tn :i. c::. b <·=·~ h a. v :i. t:) tl T' by 
tnf.-:t~itrl:r.=; (;)·f' 'l'.he r.~~=~:l· . .t:t.$'l".r<:)phc-:-~ t.hecu·y. In c:>ut· c~~==-~-=.:t-:·~~ no·t·. CHlly m.T"<·:·:o c:lll 
the reqLt:i.t·c-::onH·:·~n·t.$ ft.tl·f:i.ll.f.-?-<:1 bt.tt r,)·thr::ot·~.:;, wh:i.c::.h m.rf.·:O mc:)T't·:·"! :i.mp<:>t"'l'.oi:ln'l'. 
·Ft·om the ~)oint <~f view of ·theory, .ti~t·e al].$0 verified. For 
:i. n ~; 1-.a.nr.:..r.·:o , dirf~e·t. appl:i.c:..iit.t.:i.<:)n c:)·r: 
splitting theor•m· 

:1:n ·f.j!t.r.:.t. ·the :i.nve!:;t.or ctt.s!:;utYW:"!~.=; -~.l·l.r::kt rnu!:;·t·. c::.h<:><:>$f-»" t.hc·:·"! 

~::~~~~,::~~:~:'~"":in °:t.u:;~~;;~~.,)~:y .:.~lad.~h;~~r~l".,, ~:~;~:;,., ~:::~:'to./'~~;;~:u t' :~:·f t;~::~ 
minimize the risk, or, with an accep·t~~t)le leve:L C)f risk, they 
ln4ilXimiz<·:~ ·t.he <-:-~xpec~-t.+:·~c:l T'f:-~t.t.tT'n, t.a.king :i.n-t.<:) a.r.;.cr.H.ln'l: t.ha.t he 
alwmym w:Lshes to nw~ximize the value of the ·F:Lnal wea:Lth. 

The optimum obt~ined is isol~ted, which ~llows us to use 
the Mor ~.:t;.) l<;)mttla and the ~;pl :i. t.·u. n~J ·t·.tH)H~t'o;)on nQ·l: c>nly :i. n ·tho;) 

selec;tl.<:>n <:>·f r~ne pot·t·f<:>l:io bui·. felt' the wh<:>le pc>t·t.i'<:>l:i.o f'aon:i.ly. 

Let us begin then, ~lthough briefly, with a review of the 
ba!';ic elem£~nts em which t.he t.hO>)Cll'y o·f <:;;~t.a~!;tn:>phe!'; T'f>)St.s ~nr.l 

then we shall see whether the selection of portfolios can be 
in<";.luclecl in iilny <::r·F 't.he se-~vf.o:-n elfmne~n·l· .• ilry c:.4iJo't.4!!r.$'tT·oph€·~g; in 
~ccordance with Thorn's classific~tion theor•m. 

It is not our intention to modify the portfolio by 
considering the proportions of xi but to base our analysis on 
th<>) per1-<:>ronanH:;•)) o·F the pot··~.-f<:>lif.l thrcll.q;Jh t.hw) c;ont.r<:>l vari~bl£·)!'; 

we choose, such a.s i·t!J; re·turn ot· risk, mea.1.:;ut'f.·)cl in "t.he g;came:o way 
as in the MPT or CAPM or any other n~r.lels user.! -for the 
selection of portfolios. 

We will consider a. famj.ly o·F ·fttn<:;t.icm!'; r.l£~1-:i.ned by 

in which P is the ITh'llni-fc>ld of ·the pc>ssibl£~ por·tfo:L:i.o and ••~1; we) 
have !>een P c Rn- 1 C including ()) and whic;h we h••ve n;;I.ITled •;pt'l.ce 
of variables of state. 

C is anothe)r manifold C C R'' whic;h we w:i.ll eall 

control -factor!>. 

As we have seen, the analysis of portfolio selection is 
based on the binary return-risk and determines the composition 

x=<~ 1 , ... ,xn>' ~x 1 =1 assuming that the investor wishes to 
max1mize the vlalue o-f hj.s wealt.h at t.he end o-F th•» perj.od. 

This gives an opt.imum por tfr.>l. io, val icl for •• per :i.od whl.eh 

we can designate by x•xCE,s>, and we are not only interested :i.n 
knowing under what condj:1:ions 'this port·fc>lic> i!~ no lon~Jer 
optimum, but also when it will lose its e-fficiency. 

The methoclole>gy of' the cat.ast rophe 
locally, a. portfolio's peT"-formanc;e 

theory nt..:;sumf?.$ 

i~s regulat.ed 
that., 

by t.he 
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poten·t.ial V<x;E,s>. I11 a moy·e gen€Hal. way, V is t.ak.,1n tc:) be 

the function of x and all the control variables which are 

involved in the process. Therefore the potencial which 

y·egulaktes the per·fc>r·ma.nc~~ o·f thE>! proc;eo:~; can be mhown "'"' 

V r; < x > =V < x ' e > . 

If V im the universal unfolding then 

c;atast. rophem M, wh:l.ch :i.•; ;;•1 o:o <<A mm.rd. i'ol cl, 
Rn- 1 xRr defined by: 

the o·f 
:i. s 1:hf~ sttb!=;t:.~'l'. C)·r: 

[)V r; ( X ) on() 

In other words, the set of all 

potential,; V in the fwnily V 
be <lk manifc)ldc\.f V, whic:;h nk:l ,,,o 

unfolding. 

the criticm.l pointm of all the 

The set C)~ catastrophe~ M will 
is, re~)resents tt~e llniversal 

By r~!mtr:Lc;t,ing M, ma.ppin9 
obt.a:in <Jk map X defined by: 

pr<:)jf.·:oc:.-t.:i.<:)n, we 

being 1( <x,c;)m•c~ 

mtart:l.ng with X , whiC',h im knc)Wn "''!; t.hE>! c;m.·t.;;•mtT'C)ph€·! m<Ekp, w~1 
obtain the met of mingularities B, whieh will be the met of 
mingul.ar poin·t.m in M, <EkCCOT'cling t.o X, for· t.hc)•;e ·fc:H· wh:i.c;h X :i.m 

mingul.ar, i.e. that th~! range of the ..Jaec:)bian rn.1ktr:i.x [)" :im 

lems than r <d:iln~msion of t.he mpae"1 C)f <:.cmt.r·c)l vakr:i .. '!kblem>. 

The image of the met.m in C, akcc;ordin~) t.o t.h~! map X , :1.•; 

known as the BIFURCATION BET 8. It. im evident. that. S im the 
set of degenerate erit.ical po:int.m. 

B ig; called bifuy·cat.icm g;et becac.cg;e i·t. 

which the number and nature t~f c;rit.:l.c;a•l 
eong;iclering the struetural stability of the 

such changes cm.n only take place by 
degenerate critical point. 

is the $et_ over 
points change and, 

Mt)l'Se ~unctions~ 

passing through a 
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THE CATASTROPHE IN CUSP 

c<:)nt.rol va.r:i.~n.blf.·"!~-;., ·t:hf~ 

tr·4:lns;-ft:)T'mca.·~.:i.c)n, v:i.a~ iik cl:i.·f-"·Ft:-,.rnc)T'Ph:i.srn~ 

port¥olios into • potential ¥unction ¥or 

~rom ·ttle fami:Lie$ C)f 
univer$al un·Fc)lding 

w:i.l:l. c~c)ni·.oi:k:i.n <:)nly t.wo piil.T'tit.tn<+:r"t.Eo;.~r~:;. u n :i. v <·:·:r ·r ~.:; m.l 

t.trl~OJ.clings of Them'~ seven eleme11tary c~t.tastro~)hes, :i.s 

only one with twc, ~)4~ramet~rs <:)f c~c:)ntrc)]., wh:i.<:;h :i. s c~.m:. ll <·:~ d 

catastT·ophe in cusp. 

The <·::-qui l :i.b r :i.tun M, wh:i.ch 

T'E·:rp r·e-:r~.:;en·t.tii\t i<:)n :i.n th<-:·:r <:)rd:i. r1a.ry ~;pciu:~<·?, :i. ~.=; ~.:J:i.v<-:-:rn by thc-:-:r f.·:rqt.tc:;;.1:. :i.c:)n: 

arld the degeney·ate c~r·:i.tica~l points <sirlgttlc!kT'ities) 
in the same w~~y, t)y the SLlt)set o~ M wt)ich sa~·tis~ies: 

V"<x> 
"> 

1 ~.?. X~ .• +;,:_~ U :::: () 

i:J:i.v<+~n, 

Thi~.:; €·:-qu.c:~"t.:i.<:)n det.e~t·m:i.n<-~s "l".he b:i.-Fur·c:.a·t::i.on ~;€-~t 13, th<-:·~ ~:;c-:·'t <:)-f 

all points o~ the control space C<u,v> :i.n those where the ¥arm 

<:lf' V c;hanr,J<"'-" . 

Its repre$en·taktion i$ $hC)Wn in ~:Lgure 2, and we t)ave also 
p:i.c;'t.ured t.he li;"l.abil:i.'t.y o·f '"lquil:i.brium. Out. Cl·f i:h~l biTurc;at.icm 
se·t·. the·rf:·:- :i.s· C)nly onf:·:- po:i.n·t. (;)·f st.~1J.bl<-:-~ .:-:-qu:i.l:i.br:i.um (rr):i.n:i.mum 

potentiml): ttlis means that the portfolio wil:L either be 
e~·Fic~ient C)r irle~~icient, with any o·ther intermediate pc)sition. 
Within the b:i.¥urcation set <set o¥ degenerate critical points) 
t.·h.:·,rc-:.;r a~re t.hr·ef.-:- po:i.nt.!.:; c:)-f €-:-q~.t:i.l:i.br·:i.um (t.w<:) lll:i.ni1nums sepc1~r·.c:~·t:ed 

by cii ma.x:i.mum> I -t.wo ~.:;:·t.c-ablf~ i!~nd CHle l.lns·t.~i~blf.-~. 

Wi·ttl r·e~er·ence tc) the behaviout· sur·-Face o-f port~olio$ 

(-figure 8>, ~~nd taki~g ir)to accoLlnt ttlat the arlalysis c:.a.rried 
r.lut i$ local, the m;;~jorit.y o·f <~t•thor1;; on t.hf.~ r.;c~·t;;~strt~ph~l thelOT'Y 
interpreted the area (shadowed) corresponding to the 

bi~urcatiorl set as an inacc~essit)le region. 

In our model this area is signi¥icant, in the sen$e that 
:i.¥ the port¥olio :i.$ located :i.n th:i.s region, any disturbance, 

h<:lwr.~ver •:oTl<Jl:t:l., will t.ake :i.t. tt~ the h:i~Jher sur1'nlr.;e (r.~·F·Fic;ient 

port¥olios) or to the lower one (ine¥¥ic:i.ent port¥oliD$). 

Also, in ·Figure 8 we t·epre$ent the bi~urca·tion set, that 
is 't.he prr.ljE~c·~.ion r.l·F the •;~u·1-a•r.;r.~ r.m 't.cl ·th~l c;cm·trcll •;par.;e (u,v>. 

Thr,l pro j r,let.:ion OT ·thr.> su T' ·Faeel 1-r.ll ds <:lr.~·f :i ne thel b<:lundary o·F the 
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Figure 2. Situation and number of the equilibrium points 
and their stability in the cusp catastrophe. 
(Saunders 1983, p. 12) 
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HYSTERESIS 

.! (fupOnst vatltble) 

(apCitllnQIKIOt) 

Figure 3. The behaviour surface and this bifurcation set 
of the cusp catastrophe. (Flay.· 1.978, p. 337) 
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biofurcat:i.cm o;e·t .. 

Par<lmeter· g; o-f the c~on·t. rol. o;p<!kc~fl) u <!knd v <JH'f)) c~•"l l<fH:I 
o;epar·ation -factclr ancl norm.1kl f'ac:·l:clr T'<f)5;pe)ct.ive)ly. J:n <:!tiT' cao;•~ 

we have iclentiofied them with risk ancl return of' a portf'olio. 
On the upper right-hancl part of' the o;urf'ace lie portfolios 
pre-ferred by inveo;toro;, the e-fficient ones, characterized by 
high return and low risk. If return falls ancl level of risk 
remai no; au:~cepta~ble, t.he pCH' t.f'ol :i.e! beC',omes :i.ne)off' :i.r.~:i.«•nt. ·fol low:i.ng 
a o;mooth path, o;uch as a-b-e-ef (-figure 4). Nevertheless, when 
risk incre~ses mnd return decreases ·Fo:llowing the a-e-d p~th, 

i.e. in an uno;mooth way, there is • suclclen jump to the surf'ace 
representing ineff'icient portfolios. <Delay perfect 
conventicm) . 

Sinr.:.&>' the~ variables u < ri!:;k ITtea.:e:a.tT'f.-~d by me:--i:knt~; t)·f' Voi!H':i.iiH"tc:a:·~> 

and v C return) can bfl) quant.:i.-fiecl, b.:i.f'urc~at.:i.cm S<f)'t c:~<!kn <f)ag;:i.ly be 
o;ettled f'or each pair Cu,v). The region of' unstable 
equ:i.librium ig; t.hen un:i.voc:oaklly cl<:o>t<"T'IYl:i.rH;)cf au~cl c~c:m•;•~queH'l't:l,y 1:he) 
boundary between the set of ef'ficient ancl inefficient 
port.f'olir.lg;. 

We would like to point out that, o;:i.milarly to our analysis 
of' port-folio .,;election, our approach is only valicl for those 
inv&>"$t.c)t'1.:; halv:i.n$;J til ''nc)rrnc--al'' risk··-c:~verf:.;:i.<:)n. Th<ikt :i.~;, both ·Fc)r 

those who are tot•ly avero;e to ancl for those who love taking 
risks, this analysis is either p~rtial t.tse~u:L C)r t.tseless. This 
falc:t. r·eo;·t. r· :i.ct1;; th:i. 1;; onc:ldt;)l '1;; ·f :i. ;;)]. cl cl1' <!kpp 1 :i. c:~<!k'l'. :i. c:m <!Hld <!<1 t.l·>r.lugh 
·the>" ~;Jrr.>up <:)-f :i.nves·tc:)J'!.=; rw~rnm.:i.ninf:J ou1:~;:i.<:le :i.t :i.!:; ~;m.m.ll, J.·t. :i.s 

still important, and ~or th:Ls re~llison we will consid;r a wicler 
a.ppl'C)~itch f.·="lnbt·c:;:.c::.:i.n~J ·t.h:i.s: sc-:·:•t. C)·r: :i.nves1·.c:cT'!=;. 

There is nrlC)'ther problem, :in otAr 
t.hatn the m;bovw~~ .m:.nd ·t.hat. J.:i.m:i.t.~; ·l:J·"Je appl:i.e.ci~·t·.:i.<:)n c::t·F t.h:i.~; rn<:)d£·="1: 
·the r.~el.t.a.!:;·~. y·oph<-:·~ ~ !=; ·t·.hec)T'Y s:t.c:i:.-l'.•:-~~.:; 'l'.hm.t C)n<::.r.·~ c:~ n•~w ~.=;t . .moble-~ 

eqLtil:i.br:it.\m :is react1ed c::.nd it is .fa no·t c:.onvenierlt sitLtati<:)r"J, 
C) n f.-:o h ~=t ~.=; t. <:) r €~me::;. k <·:·~ a l l t . .t-1 €·~ .f::. l'l i!~ l y $ :i. ~.=; . 

t.h;;d: 

:irle~~icien·t por·t~oli<:) s:hot.tlcl keep it, sinc:.e 'l'.hc:;:.t in C)T'der· to 
tr·arls~c)r·m it in·tc) arl m~·Fic:.ient <:)ne tle WOLt:Lcl have tc) pa;:.y 
·t. rr:;:.n~;.r,;:.c::.·l: :i. <:)n 
·t.l''lf.o~ .j;;;nal y~.=; :i. ~; 

( (·~:i. thf.·~l' 

:i.n 

·fr·c:liTl 
c:.a.p:i. tc;;;l oy· ft·<:ml d:i.v:i. <:l<·:·:•nds) c:;;l $0 r·<-:·~lnt:;;:i.n~.=; C)l.lt.!:; :i. df.·~ anc:;;ly!:;:i.~;. 

These ~)rC)t):Lems ~lJ·e clt~e to ttle ~~~t<::.t 'l'.h~at we are <::.~:;;rry:Lr)g 

<:)Ut a;; dyn.j~:;.m:i.<:;. a.na.lyfi.::i.~.:; <:)of-' a. ~.:~:i.1·.uc~3i."l".:i.<:ln t.h<itt c::.·t ll't<:)~.:;t. w:i.ll tc:tl<€·~ u!.l: 

t.o <::.<:)mpm•t·m~·t·.:i.V<·:·~ ~.=;tc:t-l'.:i.e~.:; t.J:i.t.hin ·t:h€·~ t.r·~:;;d:i:'l'.:i.<:)nc;~l <:tna~ly~.:;:i.1.:; C)f 
~)<:lr··tf<:)li<:) 5ele<:~tion. 

:[rl <:)T'cley· ·to get ou·t C)~ 

wh:i.c:;.h, 

v a. y· :i. m:. b 1 f:·~ ~.:.: a. n d •:r:. <::. t. :i n ~.:J :i. n t h <-:·~ 

tl·li5 impasse~ we mlt$'t est.jat):J.ish a 
wt,ile rra:irl·ta:irl:ir~g C)lll' two e<Jntrc)l 

~.=;m.m<~·~ w.c:!:.y :i.n thE-:·~ p<:)'l'.<·:·:·n·(·.:i.al that. 



192 THE 1986 INTERNATIONAL CONFERENCE OF THE SYSTEM DINAMICS SOCIETY. SEVILLA, OCTOBER, 1986 

Figure 4. Two different paths leading to the same point: 
one smooth and other one with sudden jump. 
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regu:L~tte$ the py·cJcess~ am'~,li·Fies c~~Jr ·F:i.e:Ld c:,·F a~c:~·ticJr' a~s ·FnkT' ~l~ 

the-:·~ numbc-:·:-1" c:)·f" c::.c:,nt.rr.,l -f.c:tet.c,y·~; :i.~.=; ec:,ncc~·:r'l·nc-:-:rd i :i .. <·?!· we·:~ c::.hc:)o~.:;c~-:r tl:. 

cc>ntrcJl s~)ac~e C)·f gretatey· climensiorl. 

the·:·:- ~.=;wa.llc:)W -l".a.:i.l m:.nc:l 

~oll.c,wirlg expc>~:Ltior,, we .c~T@ c~~ay·y·yirvg Oltt 

applicatic:)l') C)~ the t)tJ·tter·~ly ca·tas·trc:)~)he. 

THE BUTTERFLY CATAgTRDP~E 

V(x) 

where t, u;.v, w, a~re 

t hc·:·:r m;.nf:ll y~=.: :i. !,:; a.nd 

A~; wc-::r c~a.n :'.=;c-:;:of.:-:r 1 "l'.hc.:·:r 
control space has 

·t.he c<:ll'l"tr·c>l 
d:i.mF.-:rn ~.:; :i. c.1n 

set F.J. 

·t= m-.c to,. ~.:; . 
4·, and thc-::-r·c-:-:r·r:c:)rc-:·:r Wf.·~ <::.~:~nne)·\". 

Tf.·:rp rr.·:r!J;€-?n·t. b :i. fur c::.<ilt ior-. 

Th£·:rT·t-:·:r ~=~r·r.·:r !:;f.·:rVf.o~rm;.l way!:; tc:) .a~pprc).m:,ch ·t-.h<·::r ~.:;'t.t.lc:ly c:)·(-' t.hf.·:r ·fc:)r·m 
o~ the bi~ur·c~atiorl set~ bLtt the c:)na leaci:Lng a more ev:ident 

gr·~ikph:i.c~ wm.s c:~~!lT'rir.-:rd c:)u-t·. by Brc:)Ck:€·~1" ~iJ;.rld I...~B.I"Jc:ICWT' ( 1~)'7!~5) I s~:u.tnc:leT'!!; 

( '1'38()), •1HH:I, f'o~;t.c:m ••nd li>t«~w;;u-t. ( '1'.')'78). Wfl) aY'fl) ·fc>llc>w:i.n9 ·t:hfl) 
~tnm.l :i. 1'.:i.c~ c:levf.·~lc:cpmen·t. ·f'ormul4i;;.tecl by Saunde-~r· s. 

Initially~ and considering t and u as constants~ we stLtdy 
the ~arm o~ t~e ~i~~~rent ~ubsets Btu' whi~h wil~ provida us 
wit.h .nt ~Jrf:~Cikt. clea.l. c:)·f J.n·f·c)rmt:..,i·.:l.c:,n .m.br.:cut thc-:·:r b:l.·f·ut·c::.c:~'t.:l.c:)n 1:;r.:rt. 

The sur~"'ce o~ equilibriwn M is: 

The set. C>·F de9enerate c;r:it:i.c;;rl pc>:i.nts ($:i.n~JUl<;lr:i.t.ifl)s) i~; thfl) 
subset o~ M which also veri{ies the ~ollowin9 aqu~tion: 

This ~;yst.em of' £-?qu.m.t.ic)n$ allc:)w~; U$ ·t.o <:1£·:--f:i.nf.·:r v and w Gl$ Cit 

~unction o~ the other variables, and which there~ore 

determines, ~ixin9 t and u, the ~tu 
t :z:: u == 01 we obta:i. n iil~; .r.Hl t-:o?qua·t. :t.CHl 

then 8
00 

is a cusp. 

C~l.lT'Ve~; · Thu~; 1 

·f()r F.l : 
t.u 

To analy$e the behaviour of B for other val~es of t and u, 
dif'·f·e,·ent. f'ront zero 1 we ntust c::.c)nsider v::uv( x) and w=w( x) J in 

such a way that its criticai point; satisfy an equation of th• 
type: 
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wh:i.<:;h will ;;dway9; have c. rea~l T'<~ot., «<rH:I ·U••-n·•,H'<:"'"' Btu w:i. 11 
at le~~st one cusp point, ~~nd 3 i~ all ttle ~oo·t5 are r·e~~~l; 

is to say :i.~ they veri~y: 

hti~V<·:.:O 

'l.ha'l. 

l'h :i. s c:~oncl :i. ·t. :i. on c::.~:~;nno·t. be ~;<ii:.'t. :i. $·f :i.c-:-:-c:l :i. f t :i. ~; pc:)~.:.: :i. 'l: :i. v<-:·:- .m;nd 
~or this reason that t is called the 8Ufl~RFLY FACTOR, 
we r·eally have ~~ catastroptle C)f this type when ttlis 

:i.t i,;; 

bwH::.au~;€·:0 

·f' <•c; t. ""' 

So, when 'l.he r.;ontrcll ·f'<!<e:t.<:>T' 'l. <:l~ ·t:he but.·l:e.•T'·r'ly c:r.•'l.<!~li;'l.T'clph&> 

is positive the hypersur~ac:e o~ un~olcling o~ this c:~tastrophe 
is very similar to the sur~ac:e o~ un~olcling in cusp; the only 
di~~erence is ·that instea<~ C)~ being ~oldecl in cut·ves} :it is 
~olded along whole sur~•ces. 

The er.lnt.y·r.ll ~au:;t.or '·' i,;; knclwn <n.s t.h<>> BIAB FACTOr~, r.h.lf:-> t.cl 

·the ·r'ac:t t.hat. Btu :i.s ~;ymmet.T·:i.ca<l t<:l t.he <!~xis v cmly :i.~ t.t '"' 0. 
Th:i.~; ·r'ac;t.clT', wh:i.eh pla~ys tho;> ,;;;n.me T'Cll'" :i.n ·t.ht.~ ,;;w<!•llt:lW ·t.ail 
cmta5trophe, i$ not ver·y signi~icant ~<:)r out· ~)urposes if we 
consider it without the butter~ly ~auotot. 

As bt:·:-·fOT€·:0, w .Ulrld v, i!9i.T"e ~.:;·t·.:i.ll dc-:-~nc:m1:inat.r.-~<:l nC)J"Il'li!ll c1lncl 

y;epar·al-t.J.on f"ac·t.<:>r·s, a~nd t.hc-:~y have "t.he StilJn(·i~ s:i.~Jn:i.·F:i.canc;.e a.nd 
r·ole as the in the case o~ ~l cusp catastrophe. 

I·f w&> <!•s~;ume t.hat ·t:h<» but.·t·.•»r-f:l.y ~a«:;t.<~r hn~'!; been prev:i.Clt.tsly 
~ixecl ancl is neg~tive, arld tha·t the bias ~ac~tor vanishes, the 
graphic: reprasentatian o~ the behavioural sur~ace o~ the 
butter~ly c:a<tastrophe would be similar in form to that in 
~igura 5, in·which the control space ~or the eontrol ~actors 

<v,w> has t)een ~)l'Ojected. 

't.he 
t.hie; 

We should paint out that a third sur~ac:e exists 
two ha'ld irl the cusp catastt·ophe. Our interpretation o~ 
surf"ac~e is as ·~ollows: 

I~ arl investor has an ine~~icient port~olio he can change 
and go ~ran this to an e~~ic:iant port~olio by mea<ns o~ the sale 
alnd/or purchase mecuri·ties. But this incurs expenses. As a 
result, the butter~ly f~ctor which, as we h~ve seen, must be 
negative ~or this third sur~ace to appear, is interpreted in 
transaction c~osts. 

I~ the investor ~incls that he ~n.s a portfolio which is on 
t.he t.h:i.rd ,,our~;;u:a~, h<>> will b<» ~•;•r.:.£~d wit.h 1:h•~ follclw:Lng prc>blam: 

11 ! arn int.t:·~rf:H=;ted j.n inc~urring trang;au:~t:i.t')n c~os·ts (buying 

and selling> provided that tha additional return that I 
obtain as a result o~ n~ving up to the set o~ ef~icient 

port~olios is greater than these costs; I do not mind if 
they r.•re t.h~~ s•~•~ and i·f the r.:cls·t.s an;> greater than the 
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LOWER 
SURFACE 

Figure 5. The butterfly catastrophe when the butterfly 
factor t is negative and the bias factor is 
null. (Flay 1978, p. 339) 
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<·:·~xpc.:-~c't.<~·~cl r <·:·~"l'.ur n I w:i.ll r·c-mna.:i. n C)n t.h<·=·~ t.h :i. T' d ~.:.:tt r +<::-cc·:·~'.' · 

Fc:)r 'l'.his r<·:·~t:t~.:;<:)n we·:·~ e.c::;.n 5a.y t.ha.t t.hc·:·~ th:i.Td ~.=;ur·fm.c:~<~-~ :i.~.=.: 

ol:)l:ige ·the ir~vas·tor· to c:~tl~~rlg@ ·tt'e <:~<=,~'f:>r.)s:iti.c:)rl C)f ·ttle ~)<~r··t·f<:)J.:io, 

dt.te to the ~ac·t that the aclcli·t:ic)rla~:L r@'tt.tT'fl wot.tl.c:l rl<:,·t c~c:,~lperls~~te 

t. hf.·~ '\'. y·asoiil;.<::.t. :i.c>n eo~; t ~; . Thf.·~Y t. h<·:·~ y· <·:·:··f <::1 y· f:·~ .,. <·=·~P Y'H"!~:;c-:-:•n t .a. co1np r· orn:i. ~.=;<-:·:-

SC)ltJtj.on, ia wiik:i·tirlg par:ioc:l t.tn·t:i:L a g<:)c)d c:,p~)<:,r··tt.tni.·ty <ikT':ises. 
These ~)C)rt·Fr.,lic)s iikrm ·ttlt.lE e~~::;.J.lecl ~)S~lA<:Ic:)····e·F·F:i<:~iel'lt ~)oy··t·F<:,:L:ic:)S 

<opportunity part~aliaE). 

We·:·~ <::-C:):~.tld c::;.pply t.h<-:-~ ~.:;mane·:·~ :i.n·t·.c·:·~rpr<-:·~'l" . .c:~t:i.<:)l'l t.o ·the-:-~ ca.Sf.·~ wh<~·)'Y'C·:·:• 
·ttle irlve£·tc>r :Ls w.c~:i.·ting ~e:)l' ~~rl c:)~)~)C)Y''t'.t.trli·ty ·tc:> :ir1ves·t SLll'IJ:I.t.ts~ 

a~; he-:-~ c:lc:,es n<:>t cc:cn~.=;:i.d<·:·:•T tl·~c·:·'! pr·c-:·)S<:::·n·t lna.rk<·i~t !.=.::i.tu.a.t:i.c::cn ·l·.<:) bt::·'! 

adeqt.t~~·te. 1'tli£ cot.tJ.cl be tl1e rest.t:l.t <:Jf ·F:irl<:l:ir~g hirrlsel~ i11 .c;~rl 

:i. n'l'.f.·'!Y'IllC~~d:i.t!l'l'.<-:·~ ~.=.::i. ·l:uat :i.OI''I ( b<·:·:•'l'.W<·t'!C·':'!I"f <·:·:o·F·F :i.c:i.(·:·'!l'l'l'. c:)r :i. nt::·'!·t: ·F :i. <:~<·:-'!nt 
pr.,r'l: ·l .. Dl :i c:c.w) cl·C: c:;. r€~\:L.c;:;.t :i. vc-:·~1 y· .~=;·tca.b 1 <·:·:- <-:·~qu:i.l :i. b r :i.um i 

<!l lc:>"l'. lllClY'f.·'! $"t.<:~blc·:·~ tha.n :i.n t.l.'l<-:·'! cu~.:.:p c<B.t<::.~.:;t.Y·ophc-:·:-. 

<i:;.t 1<-:·'!<!l!.:;'(-. qu:i. tc·:·'! 

·' 
In <!~ny ei!l!.=;e) t.h<·:·'! <!lY'f:·'!mo o·F ~:.:ur··Fa.<::.H'! ~.:,:t.c::;b:i.l:i.tyl ·Furthc·:·'!Y'tnc>-r<·:·'! t.<:> 

de~>er1c:l ttle nmga·t:ive valt.tes o·F ·t) a~l.S<:) y·e:L:les b~~s:i.c~~:L:Ly C)l1 ttlm_ 
-r:.m.ct. 'l'.ha·t·. 'l'.he b:i.t:ls ·fc:;;.c.tc:)Y' u c:~nd the·:'! ~.=;c~-~p.c::.·r<B;t:i.on ·f-i:~c·l:<::tY' v h4:~v<-:-'! 

v~:~luf:'!~.:; nf:~.C!ii\.Y' Z<·:·;.r·o. 

Th:i.!:; c~.C:ln b<·:·'! ~.:;(:.~£-:on lll<:)rf:·'! <::.lf:-:oar·:t.y :i.·F we·:·'! Y'E-'!Pl'<·:·;.~:;<-:-'!nt. ~;E-;.~pt!ll'-i!ii."t.f:·~ly ~ 

the proje<:~tion c>f one secti<:>t1 o~ ·ttle bi~\.lrca·t:i<:)fl se·t. Irl figue 
~ we tl~ve ~)\.tt tc)getheT· the y·m~~resent-ia·tic)rl c·F ·this grc>up based 
an the EuppaEitian that u=O, t=O <both ~ix•d>. In thiE ~igur• 
the rlumber of ectlJilit>t·:LlAm pc:ints reachecl is als<:) indj,cated as 
wel:L ~~s their $'tabiJ.i·t:y. 

J:n ~igtlre 7 we carl see ·the evolttticn o·F ttle sectic)n c>~ the 
bi~lJrc~atic)n se·t for clif~ev·erl·t v~~ll.tes~ positive and negative~ o·F 

·t. m.ncl u. W€~ rnus·t·. rnt-:-:-nt:i.c:>n th.ca.t ·~.h£·'! ''p<:>c~kf.·)·l·.'' ,itpp€·;tc:~r!:; whE,.;.n ·~.he 

b:i . .c:;.~; f,:t.ctQr is null c:~nd t.ht·:·'! but'l:c·:·'!r·Fly ·f-'t~c:~·t.c:>Y' ne.'!~.:Jt!~t:i.v<-:-~. 

W• are now in conditions to give th• correct 
in'l'.c-:;.y·py·c-:-~tat.ic>n c.>·f' 1:.h£-:o b:i . .mts ·Fc:~c'l'.c:)T' tl 1 ti~<:~c~OT'ding ·tc) f.)Ur mc:>del. 
Abclve we menti<:lned the ne.,,d "t.<:l apply ·t:he on<:lr.kal <:>nly t.o t.ha!>«·l 
:invE::-:os'l'.c:>T'$ who bf:-?havE-:·:- :i.n a n<:,rma.l way :i.n ·Frc,n·t. c>f r·:i.~:;k. In C)\.ll' 
rrmdel the possibility a~ paEEesEing an opportunity port~olio, 

in <:lthen· wor<:l!i; to ·F:i.nr.l t.h~'' pat·t.·Falio em th"' ·t.hirr.l !>ut·fa•coe, i!> 
c:>nly possible for those indivicluals who ay·e nc·t biased} meaning 
t.h;;~t. t.hey h<!lve "" null valuf,, of ccln't.rol ·F<!>c;tar Ll. 

On the ather hand, bath the pa!>itive value!> and the 
negative value$ of the bias factor \J make the third surface 
diEappear ~rom the !>et o~ port~olia!> <even in the event of t 
being negative) and in the projection in the space of the 
cont.Y'tll v.r:u·:i.ables the eharat.c:.terist.:i.c:. "pc>c:~k6.\"'t" d:i.sa.ppear$ f'rom 

th<>l bu·t.t . .,n··Fly r.;a~·ta~;t.rophe ;;~9; can be ..:een in ~:i.gure "?. 

Al..:o in ~igure 8, we have the 
th<-:·~ beh,-:-t.v:i.ouT·'m suri:c:l.ce, «~$SUming 

ei·ther neg~tive mnd posi·tive values. 

graphic repre..:~ntatian of 
that the biaE factor take!> 

The po!>itive bias factor 
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Figure 6. Transversal section of the bifurcation set of 
butterfly catastrophe when u=O, t..::: 0. There 
are drawn the situation and number of the 
equilibrium points and their stability. 
(Saunders 1983, ~- 68) 
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~ 

Figure 7. Butterfly catastrophe. Section corresponding to 
various values of t end u, vi&wed in the 
(v, w)-plane. (Poston and Stewart, 1981, p. 178) 

Figure 8. The butterfly catastrophe surface when the 
factor t is negative, showing the effects 
of bias u. (Flay 1978, p. 338) 
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C'Ailn be 
negat:l.ve 
Finally, 

t.he bf;·~havic:)Llr <:)·F an inves·t.c>r ''r·:i.$k .. ··1c:,ver·'' a~r"'c:l thf;.~ 

b:i.als ·fau:~t.or the bf.·;thoiit.v:i.cH.(r f.)f' t.hf::- "tc:>t.m;.l r·:i.$k-.. avet·~~e·•. 

the butter*ly catastrophe model correctly expl•ins the 
behaviour C)-f a.n :i.nvE.s·t.c>r wt\C) f'cac~es thf.-? r:i.1:;k :i.n al> ncH'ITh1tl w~11iY, 

that is, he is not biased by the risk. 

CONCLUSIONS 

In this article I have tried to eliminate some limitations 
o* tr•ditional analysis in port*olio selection. 

The:- ITl<:>clel :i.s a c:lynarn:i.c:. c>ne 

I have taken into consideration as 
variables (return and variance), 

well 

C.c::ttii~~-=; t. T'C>phc-:-:-In order to extend this 
Theory methodology, taking 

onodt~l 

the 
surf'ace ~ncl the expec~ted re·turn ancl 
var·iable:-:r.:;. 

pc>r·t~oJ.ios ~ks the beh~~violll' 

the vat·ialinc:.e as cc:)ntt·c:L 

I have shown that: 

thE-::- a.na:J. y~.=; :i. 9; c:..c:kn be d<::•n<·t:- u~:;·:i.l''t~J t.hc-:·:- ea.tm;.!:;·t·. y·op hft:- :i. n cu~.=;p ~==-~:; 

pclT''t·f'c>l :i.<:>. ITH:lT'ph<:>lClfJY 

·t. h:i. s. ll'IC)c:lf:·:" 1 :i. ~; :i.n~.:;u·f ·C. :i. e:i. f.·:"nt t<:) l'f.-:rc:~c::.h my pu y· pr.)1.=;<~·:"~=; 

t.tsir~g ·Fot.tr c~or\·tr·ol vay·iat)le5 (y·e·tt.tT'I1 1 vay·iar\ce, 
·tr·ansar.~t:ic)rl <:~c)s·ts ~::.r1c:/ a·tt:i·t,.tcle ·f~tc:Lr\g y·:i.~k), ·tt~e t~el,~~::.v:i.c)tAT' 

mod<·:·:"l c:~C)J' Y"<·:·:·~.:;pc;)nd :i. n9 to the·:·~ btt t t<-:·~1· fly ca.·tc:?>~.:;t l'<:)ph<·:·:· 

:i.n <:-:·~:i. t.f'l<·:·:-v· b :i. .f-'t.tl'c~::;t :i.c:)n <:>·F p<:lT''l.f<:>l :i.e>'.'' :i.s 

~=?> pc:)rt-1-'ol:i.o~.:; 

·f <:tm:i. l y > :i. n ~=t<:~c:~c;) y· c:l :i. n ~-~ w :i. t h t hf:·:- :i. r· p y· f:·~·r: f::-y· f:~nc~<·:·~~.=; . 
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